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1. INTRODUCTION 

Six years have passed since the realization fP-^l that the apparently separate fields of quantum information |4| and string 
theory can be related. When two different branches of theoretical physics share many of the same features, it frequently al- 
lows knowledge on one side to provide new insights on the other. This has certainly proved to be the case with string theory 
and quantum information as we hope to show in this review. The original correspondence was between the structure of the 
Bekenstein-Hawking entropy |5 6| formulae of certain black hole solutions in string theory, and certain multipartite entangle- 
ment measures |7| in quantum information. However, many more striking structural similarities between these fields have since 
been uncovered forming what has become known as the "black-hole/qubit correspondence" (BHQC). 

As far as the BHQC is concerned the main reason for the occurrence of these striking coincidences seems to be the presence of 
similar symmetry structures. Namely, within the field of stringy black holes there are the U-duality groups Is mTI . for a review 
see |12J, and in the field of multipartite entanglement the groups of admissible local manipulations preserving entanglement 
type |[T3l[T4ll . While in the former case the groups in question are real (in the supergravity approximation) and in the latter they 
are complex, in particular instances a suitable complex extension places these stringy dualities in the realm of local multipartite 
entanglement transformations. Then the U-duality invariants can be mapped to invariants (entanglement measures) under the 
local group of admissible manipulations. Then it is not so surprising that the most obvious invariants that can show up in these 
different scenarios are U-duality invariant formulae of the black hole entropy. 

This realization paved the way for studying the structure of black-hole entropy formulae via the techniques of entanglement 
measures |[ll43l [TSiffTI and three-qubit Pauli operators 1 18, [191 or, conversely, getting hints for constructing new and physically 
interesting measures from the structure of entropy formulae ll20]l2Ti . Another useful aspect of this correspondence is that the 
classification problem of certain types of black hole can be mapped to the classification problem of entanglement types of qubit 
systems |ia[3]|2lMl ■ 

Apart from clarifying the structure of black-hole entropy formulae, there has been some progress in understanding the dy- 
namical aspects of the moduli, in particular the famous attractor mechanism, in entanglement terms ll24l - E6l . It is known that in 
general the entropy of a black hole can depend on the values of moduli or scalar fields, having their origin in the compactification 
of extra dimensions. However, for the special case of extremal black holes, having zero Hawking temperature, the values of such 
scalar fields are fixed on the black hole horizon in terms of the charges. The crucial point is that the fixed values are independent 
of the asymptotic values of such moduli. The radial evolution of the scalar fields starting from the asymptotically Minkowski re- 
gion to the horizon shows a fixed point behaviour. In the special case of the so called STU -model Il27ll28l it has been shown that 
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such moduli stabilisation can be recast in the language of quantum information as a radial evolution of a three-qubit state depend- 
ing on the charges, the moduli and the warp factor resulting in a distillation procedure of GHZ (Greenberger-Horne-Zeilinger) 
Uke states on the horizon ||3l l29H32]| . 

The BHQC has shed new light on well-known results in quantum entanglement 1 33 1 and has clarified previously controversial 
issues 1221 1231 . The techniques employed in such cases have originated from the string theoretical side. For example, although 
Freudenthal triple systems (FTS) ll34l - [36l have been well-known to the supergravity community 1371 - 1391 . their relevance to 
special entangled systems l20l 1211 1401 has only recently been realised within the framework of the BHQC. This, in turn, inspired 
new applications of the Freudenthal triple system to black holes in the form of Freudenthal and Jordan dualities 141 ,'421. 

In some special cases multiqubit entanglement measures have turned out to be useful for classifying multicenter black hole 
solutions l43ll44l . These studies connected the structure of four-qubit invariants f45^,T6 | to the structure of elliptic curves and 
the j invariant l44l . The idea that such objects might play some role in four-qubit systems and the BHQC was first suggested in 
147 1 and some related discussion also appeared in the supergravity |48 1 and quantum entanglement |49 1 literature. 

The BHQC attempted to clarify the possible microscopic origin of qubits (and qutrits) in this entanglement based approach. 
It has been suggested that in the case of toroidal compactifications the appearance of qubits can be traced back to wrapping 
configurations of membranes fSOl on noncontractible loops of the extra dimensions. This heuristic picture has been generalised 
and made more precise |5]J by identifying the Hilbert space where these qubits reside within the cohomology of the extra 
dimensions. As a bonus it was also shown BTI that in this special case the phenomenon of flux compactification l52l can also 
be included within the realm of the BHQC. 

The BHQC combined with the methods of finite geometry have provided a new conceptual framework for understanding the 
role of incidence geometries in quantum theory. It has been shown that the structure of certain black hole entropy formulae are 
encapsulated in the incidence structure of geometric hyperplanes |53 1 of finite geometries based on the two, three and four-qubit 
Pauli groups 1 18, 19 1. Such groups have already made their debut to quantum error correcting codes l54l , objects that have also 
been shown to play some role in the black hole attractor mechanism 116l |29l [55l . A surprising result is that Mermin squares 
l56J as geometric hyperplanes show up naturally in noncommutative parametrizations of incidence geometries characterising 
the structure of black hole entropy formulae. Such results initiated a further study of automorphism groups of finite geometric 
structures related to special subgroups of the U-dualities ITSl [191 l57l l58l , and a systematic study of the Veldkamp space of 
geometric hyperplanes for multiple qubits [,57l . 

Though the BHQC is still at its infancy, it has repeatedly proved useful for obtaining interesting results on both sides of the 
con-espondence by employing the techniques and methods of the other ID [BHIll |22l|23l|29l[30l|32l|40llH|50l ISTl 15911611 . 
Over the past six years joint efforts of two groups culminated in establishing a precise dictionary between the two sides of the 
correspondence Il55ll59l . The aim of the present review is to give an account of these efforts. 

2. CAYLEY'S HYPERDETERMINANT AND BLACK HOLE ENTROPY 

2.1. Entanglement and three-qubit systems 

Since entanglement may be used in the course of a quantum computation [4|, characterising the "amount" of entanglement 
possessed by a given state is an important problem. There are several criteria for good measures of entanglement |7|. In 
particular, since entanglement is a global phenomenon of a quantum nature (in the sense that it leads to correlations between 
spatially separated systems that admit no classical explanation), any good measure should be monotonically decreasing under 
local operations (LO) on the constituent systems supplemented by classical communication (CC) between them llTl [T3l fT4l . 
LOCC operations cannot create entanglement. Hence, two states that may be stochastically (S) interrelated by an LOCC protocol 
have the same entanglement under any good measure [191] . Two states of a fc-constituent composite system with Hilbert space 
Hi (E) ■ ■ ■ <E) Hk, dim "Hi ~ rii, are SLOCC-equivalent if and only if they are related by the subset of invertible local operation 
in SLOCC, i.e. elements of GL(ni, C) x • • • x GL(rifc, C) fl^. This SLOCC-equivalence group (which we wiU often refer 
to loosely as simply SLOCC) partitions the state space to entanglement classes. Any relative invariant of SLOCC is a good 
entanglement measure l62l . 

For three qubits we have three two-state systems each with Hilbert space C^: T-La, Hb and He where the labels refer to 
Alice, Bob and Charlie. The Hilbert space of the total system is H = (8) C^. A three-qubit state of general form can be 
represented as 

IV') = J2 ^ABclABC), \ABC) ^\A)®\B)®\C) enA^ns^nc. (2.1) 

ABC=0.1 

Under SLOCC transformations our state transforms as a (2, 2, 2) namely 

\^)^ {A^B^CM, iJABC^ Aa^'Bb'^'Cc^'^A'B'C', AS,C e GL(2, C). (2.2) 
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Now one can define the quantity (Cayley's liyperdeterminant) Il63ll64ll 

D{lP) = [V'0l/'7-V'lV'6-V'2V'5-V'3V'4]'-4[(^lV'6)(V'2V'5) + (^2V'5)(V'3V'4) (2.3) 
+ {i>3'ljM)i'lJjl1pe)] + 4V'lV'2V'4V'7 + 4V'O'03V'5V'6 

wliere (-001 "01; • ■ ■ : "07) = (0oooi "^ooii ■ ■ ■ , fpiii), which gives rise to a famous entanglement measure called the three-tangle 
ll65l which for normalised states satisfies 

0<rABc= 417^(0)1 <1. (2.4) 
Under SLOCC transformations £'(?/') transforms as 

D{^) ^ {V)ctAf{DeiBf{DeiCfD{tl}) (2.5) 

hence this polynomial is a relative invariant. Notice that the expression of the three-tangle is invariant under permutations 
(triality) and the subgroup [SL(2, C)]®'' of SLOCC transformations. The physical meaning of the three-tangle is the residual 
distributed entanglement not contained in either the pure state or the mixed state entanglement of any bipartite-singlepartite split 
i65J . Considerations of distributed entanglement have also been used in connection with attractors of STU black holes |31 1. 

In this formalism the classification problem of entanglement types amounts to finding the [GL(2, C)]®'^ orbits of a particular 
10). This problem has been solved by mathematicians |64| and later rediscovered by physicists |14|. The result is that apart 
from the trivial class with = we have six SLOCC classes. The four classes that represent states with some degree of 
separability are the totally separable states with representative |000), the biseparable states with (unnormalized) representatives: 
|0) (g) (|00) + 1 11) ) and two similar states with the qubits cyclically permuted. Three qubits can be entangled in two inequivalent 
ways L14J, the unnormalized representatives of these classes are the so-called \GHZ) and \W) states with the form 

|Gi/Z) = |000) + |111), |M^) = |001) + |010) + |100). (2.6) 

The important point is that these two classes can be separated from the rest as follows. The GHZ-class is characterised by 
D{GHZ) ^ 0, i.e. this state has nonvanishing three-tangle. On the other hand, it can be shown ||33]| that one can introduce a dual 
three-qubit state 1-0) which also transforms as a (2, 2. 2) of [GL(2, C)]*^^. The dual state is cubic in the original amplitudes of |0) 
and its explicit expression 1 33 1 is connected to the so-called trilinear form of the corresponding Freudenthal triple system 1 33 , 36 1 . 
Then one can show that the -class is characterized by the conditions D{W) = 0, |0) 7^ 0. States that are having I? = and 
10) = are either separable or biseparable. There is a nice geometric characterisation of these entanglement classes ||3l l66ll67l 
in terms of twistors. Notice also that for states in the GHZ-class one can define the new state |0) = |0)/ ■\/|L)(07)|which is a 
special case of the Freudenthal dual state which plays an important role in the physics of black holes admitting a Freudenthal 
dualgl]). 



2.2. Three-qubit entanglement and Black Hole Entropy 

An interesting subsector of string compactification to four dimensions is provided by the STU model. This model has a low 
energy limit which is described hy N ~ 2 supergravity coupled to three vector multiplets ll27l l28l l68l l69ll . This model can 
be obtained as a consistent truncation of different string theories in a number of ways. One possibility is to take the type IIA 
string theory compactified on a Calabi-Yau manifold and then consider a convenient truncation of the JV = 2 theory arising as 
the low energy limit. As an alternative possibility one can start with the heterotic string on the six torus T^. Then the STU 
model arises as a truncation of the resulting Af — 4 theory. The STU model got its name from the names of the three complex 
scalar fields {S, T and U), which play different roles in the different interpretations EtII . The STU model admits extremal black 
hole solutions carrying four electric and four magnetic charges. Within the framework of this model the macroscopic black hole 
entropy can be calculated |70|. 

The starting point of the black-hole/qubit correspondence was the observation that if we organize the eight charges of the 
solution into a 2 x 2 x 2 array, i.e. a hypermatrix, for BPS (Bogomolnyi-Prasad-Sommerfield) solutions the macroscopic 
black hole entropy can be expressed as the negative of the square root of Cayley's hyperdeterminant |r|. The four electric 
{qo, qi, 92, 93) and four magnetic {p'-\ , , p^^) charges, and the amplitudes of an unnormalized three-qubit state as follows 

(70,91,92,93) ^ (00, 01, 02, V'4, -07, 06, 05, 03). (2.7) 

Then the macroscopic entropy is 



(2.8) 
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From this expression we see that the entropy of such black holes can be related to a tripartite entanglement measure, namely the 
three-tangle. Notice, however, these are not three-qubit states, in the conventional sense. First of all, the amplitudes are real and 
unnormalized. Moreover, the charges should be also quantized, hence the amplitudes should be integer. To cap all this, for BPS 
solutions, for which half of the supersymmetry is conserved, D{ip) is negative |28 1. 

However, the apparent issue of unnormalized states is not serious since SLOCC transformations do not preserve the norm 
in any case. As far as the reaUty of the amplitudes is concerned, one can regard the three-qubit states as real versions of the 
usual qubits called rebits f7T|. In this case the SLOCC group should be modified accordingly to three copies of GL(2, R). 
Restricting to determinant one transformations what we get is precisely the symmetry group of the STU model at the classical 
level, ie. SL(2, R)'*'^. After implementing the (quantum) constraint coming from the usual Dirac-Zwanziger charge quantization 
the group we get is the U-duality group of the model namely SL(2, 

Now let us have a look at the constraint D{tp) < 0. It can be shown that we can relax this constraint as well, provided we 
are willing to embark in the rich field of non-BPS black hole solutions Il72ll73l for which D{tp) > 0. Moreover, as discussed in 
the paper of Kallosh and Linde |2 1 there are also solutions for which D{tp) = 0. These are called small black holes, referring to 
the fact that though they have vanishing Bekenstein-Hawking entropy, they can develop a nonvanishing entropy via higher-order 
and quantum corrections |74|. The final result of these considerations is that the classification of entanglement types of three 
rebits under the SLOCC group [SL(2. R)]'^'' can be mapped to the classification of different types of black holes solutions in the 
STU model d EES) and vice versa! 

In summary: the formula for the macroscopic black hole entropy in the STU model can be expressed in terms of the three- 
tangle which is a triality and U-duality invariant tripartite measure of entanglement as 

^= |V^ABcW = 7rVl^WI (2.9) 

where is an unnormalized three-rebit state with amplitudes being the eight quantized charges. Cayley's hyperdeterminant 
is negative for BPS, and positive for non-BPS large black holes. These have nonzero horizon area and nonzero semiclassical 
Bekenstein-Hawking entropy. For small black holes we have D{ip) — 0. 

The question left to be answered is whether such rebits can somehow be embedded into the realm of genuine complex three- 
qubit states. Within the framework of conventional quantum information theory this problem has akeady been discussed |75|. 
In order to do this also in our black hole context we clearly have to see how other ingredients of the STU model (namely the 
complex scalar fields S, T and U) can be incorporated into the formalism. The introduction of such structures will be discussed 
later. 



3. E-r AND THE TRIPARTITE ENTANGLEMENT OF SEVEN QUBITS 

3.1. Embedding the STU model 

Having discussed the STU black hole entropy and its connection to three-qubit entanglement, the question now is whether we 
can extend our considerations to more general charge configurations. The extremal spherically symmetric black hole solutions 
in JV — 8 supergravity [8^^ are defined by 28 + 28 electric/magnetic charges and the entropy formula is given by the square 
root of the quartic Cartan-Cremmer- Julia i?7(7) invariant 1191 17611771 



S^nVlhl (3.1) 



where the Cartan form 



h = -Tr{xyf + ^ {Tixyf - 4 {Pfx + Piy) (3.2) 

depends on the 8x8 antisymmetric quantized charge matrices x and y. The 28 independent components of x and y corre- 
spond to electric and magnetic charges, respectively. From an M-theoretic point of view these charges originate from wrapping 



configurations of membranes on the extra dimensions, as discussed in section 6 



An alternative (the Cremmer- Julia) form of this invariant is given in terms of the 8x8 complex central charge matrix Z 

h = TiiZZf - i {Ti-ZZf + 4(Pf Z + PfZ) (3.3) 
where the overbars refer to complex conjugation. The definition of the Pfaffian is 

PfZ = -±-^e^^^^^^^"Z^BZcDZEFZGH. (3.4) 
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The relation between the Cremmer-Juha and Cartan forms can be estabhshed by using the relation 

1 



--AB 



4:V2 



AB 



(3.5) 



where summation through the indices A, B is implied only for A < B. Here {T^^)ab are the generators of the S0(8) algebra, 
where {IJ) are the vector indices (/, J = 0, 1, . . . , 7) and [AB) are the spinor ones (A, B = 0, 1, . . . , 7). Triality of S0(8) 
ensures that we can transform between its vector and spinor representations. A consequence of this is that we can also invert the 
relation of (3.5 1 and express x^'^ + iyu in terms of the central charge matrix Zab- 
Let 



„26 



iy26 = ^2 + ii^5, 



34 



X'" + iy26 = V2 + «^5, X" ■ + ty57 = 1p4. + iljj3 

where the remaining components of x and y are set to zero. Then a calculation shows that 



(3.6) 



(3.7) 



where -D(V') is Cayley's hyperdeterminant of (2.3 i. This result suggests that we should be able to obtain the three-qubit interpre- 
tation of the STU model as a consistent truncation of a larger entangled system living within our JV — 8, D — 4 supergravity 
theory. 

By a transformation of the form Z i-> U^ZU, where U E SU{8), Z can be brought to the form 



■'canonical 



/zi 0- 

zi 

Z3 

\0 



(3.8) 



where e is the antisymmetric 2x2 matrix e^^ = 1 and all four zj can be chosen to have the same phase, or three of the Zi can 
be chosen to be real |78 1. Our choice of p.6|l can then be related to this canonical form as 



where z^ and 24 is obtained from Z2 by a cyclic permutation of the + sign. As a result of these considerations it can be shown 
that the STU truncation is a natural one related to the canonical form of the central charge matrix 1791 . Can we interpret this 
truncation as a one arising from some larger entangled system? 



3.2. Er in the cyclic representation 

Our success with the three-qubit interpretation of the STU model is clearly related to the underlying [SL(2, R)]'*'^ symmetry 
group of the corresponding J\f — 2 supergravity which can be related to real states or rebits which also transform as the (2, 2, 2) 
of the complex SLOCC subgroup [SL(2, C)]'*'^ of a three-qubit system. However, in the Af = 8 context the symmetry group in 
question is £'7(7) which is not of the product form hence a qubit interpretation seems to be impossible. However, we know that 
the 56 charges of the Af = 8 model transform as the fundamental 56-dimensional representation of -£7(7) . We can try to arrange 
these 56 charges as the integer-valued amplitudes of a reference state. However, 56 is not a power of 2 so the entanglement 
of this reference state if it exists at all should be of unusual kind. A trivial observation is that 56 = 7 x 8 hence the direct 
sum of seven copies of three-qubit state spaces produces the right count. Moreover, a multiqubit description is possible if the 
complexification Et{C) contains the product of some number of copies of the SLOCC subgroup SL(2, C). Since the rank of 
E7 is seven we expect that it should contain seven copies of SL(2, C) groups. Hence this 56-dimensional representation space 
might be constructed as some combination of tripartite states of seven qubits. This construction is indeed possible lil5.,16J . The 
relevant decomposition of the 56 of Ej{<C) with respect to the [SL(2. C)]**^ subgroup is [15] 

56 ^ (2,2,1,2,1, 1,1) + (1, 2,2,1,2,1, 1) + (1, 1,2,2,1, 2,1) 

+ (1,1, 1,2, 2, 1,2) + (2, 1,1, 1,2, 2,1) (3.9) 
+ (1, 2,1,1, 1,2,2) + (2,1, 2,1,1, 1,2). 

While this is clearly not a subspace of the 7-qubit Hilbert space, it is in fact a subspace of seven qutrits closed under SL(2, C)'^'' C 
SL(3, C)*^^ L15J . and so admits a conventional interpretation despite the appearance of the direct sum. Let us now formally 



7 



replace the 2's with I's, and the I's with O's, and form a 7 x 7 matrix by regarding the seven vectors obtained in this way as its 
rows. Let the rows correspond to Hnes and the columns to points, and the location of a "1" in the corresponding slot correspond 
to incidence. Then this correspondence results in the incidence matrix of the Fano plane in the cyclic, or Paley |55|, realization. 
Changing the roles of rows and columns we obtain the incidence structure of the dual Fano plane. Hence the multiqubit state we 
are searching for is a state associated with the incidence geometry of the Fano plane (see Figme ([T]|). 




FIG. 1 : The Fano plane and its dual. 



Let us reproduce here this incidence matrix with the following labelling for the rows (r) and columns (c) 



/r/c 


A 


B 


c 


D 


E 


F 


G\ 


a 


1 


1 





1 











h 





1 


1 





1 








c 








1 


1 





1 





d 











1 


1 





1 


e 


1 











1 


1 





f 





1 











1 


1 


\9 


1 





1 











1/ 



f aABD\ 
bsCE 
CCDF 

^ doEG (3.10) 
cefa 
Jegb 
KgcAcJ 



where we also displayed the important fact that this labelling automatically defines the index structure for the amplitudes of 
seven three-qubit states formed out of seven qubits A, B, C, D, E, F, G (Alice, Bob, Charlie, Daisy, Emma, Fred and George). 
If we introduce the notation Vijk 
decomposes as 



Vi (g) Vj (g) Vk where ij, k e {A, B, C, E, F, G} then the 56 of Ej denoted by H 



ABD 



BCE 



■Vr 



CDF ' 



DEG ' 



V, 



EFA ' 



® Vfgb ® Vc 



GAG- 



(3.11) 



Clearly this structure encompasses an unusual type of entanglement; entanglement is usually associated with tensor products, 
however here we also encounter direct sums. One can regard the seven tripartite sectors as seven superselection sectors cor- 
responding to seven different STU truncations llTSl [T6l . This structure is usually referred to in the literature as the tripartite 
entanglement of seven qubits. When the amplitudes are reinterpreted as quantized charges the elements of H are states asso- 
ciated to the incidence geometry of the Fano plane. In order to understand which amplitudes of the seven three-qubit states 



correspond to electric, and magnet ic ch arges we need to relate the amplitudes of the correspondence of (3.10i to the matrices 



and yij of the Cartan form of (3.2 1. Using the decimal labelling we obtain the so-called Cartan-Fano dictionary l59ll 



a? 
bj 

C7 
dj 

e? 
/7 



-07 



-fi 
—d^ 

-92 



-br 

h 


-31 

-64 
d2 



-C7 

9i 

-ai 



\97 ei 



-a2 62 
C4 -62 



-dr -67 

-C2 92 



64 
ai 


-h 

/2 



-d2 
U 

bi 


-ci 
—04 



-fr -97\ 

-64 -61 

02 —64 



-62 
54 
Cl 





b2 

-f2 

04 
di 
/ 



(3.12) 
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/o 


— lo 


-bo 


—Co 


—do 


— 60 


-fo 




ao 





h 


^3 


—65 


55 


-63 


— 66 


ho 


~/6 





56 


63 


-ds 


05 


-63 


Co 




-.96 





ag 


/3 


-65 


65 


do 


C5 


-63 


-ag 





66 


53 


-/5 


eo 


-55 


ds 


-/3 


~h 





66 


03 


/o 


&3 


-05 


65 


-53 







do 


\5o 


66 


C3 


-h 


/5 


-as 


-^6 


/ 



(3.13) 



As explained elsewhere the structure of these matrices is encoded into the structure constants of the dual Fano plane (see the 
second of Figure [TJ and the structure constants of the octonions ||59l . One can now see that the choice of (3.6 1 corresponds to 
identification of \il>) with the three-qubit state \a) with amplitudes uabd, A, B, D = 0,1 built from the qubits of Alice, Bob and 
Daisy, and the remaining 48 amplitudes are zero. This STU truncation is just one of seven possibilities corresponding to the 
three-qubit states \b), . . . \g). The quartic invariant I4 truncates to —D{a), ■ ■ ■ — D{g) in these seven possible cases. This relates 
the black hole entropies of the seven possible STU sectors to the corresponding three-tangles of the relevant charge states. 

Concerning the seven possible STU truncations it is important to realise that there is an automorphism a of order seven which 
transforms cyclically the amplitudes a, b, ... g of the relevant three qubit states into each other. Note, a transforms cyclically the 
points 1, 2, ... 7 of the dual Fano plane of Figure 1. One can find an 8 x 8 orthogonal matrix representation T>{a) acting on the 
central charge as Z 1-^ T>{a)ZT>^ {a). It can be expressed 1 18 1 in terms of the "controlled not" (CNOT) operators L4J as 



V{a) = (Ci2C2i)(Ci2C3i)C23(Ci2C: 



3i;- 



(3.14) 



It can be shown fTF) that using Z as given by ( 3.5 1 with a convenient representation for the gamma matrices the effect of T){a) 
is to rotate the seven groups of three-qubit amplitudes showing up in p.l2| l-( [TT3 1 cyclically. 

This representation for the automorphism of order seven can be generalized 11181 [591 to one for the full automorphism group 
of the Fano plane which is PSL2{7). Moreover, it turns out that PSL2{7) can also be represented on the 28 charges regarded 
as composites of electric and magnetic ones with their incidence geometry corresponding to the Coxeter graph |18|. This con- 
figuration shows up as a subgeometry of an object called the split-Cayley hexagon related to the incidence geometry of the real 
three-qubit Pauli group [18, 57|. Now PSL2{7) can be embedded into the Weyl group W{E7), which is a subgroup of the full 
U-duality group E-;{1j) implementing electric-magnetic duality II8OI . The fact that the Weyl-group of is naturally connected 
to three-qubit quantum gates was first emphasized by Planat and Kibler lISTI . For a recent elaboration on this connection with 
a description of W{E'j) and three qubits in terms of symplectic transvections ifSTl see the paper of Cherchiai and van Geemen 



3.3. Ej and the Hamming code 

Let us now see yet another reaUzation of the tripartite entanglement of seven qubits living inside E^. This realization is related 
to a famous error correcting code: the Hamming code. As a starting point let us consider the matrix of the three-qubit discrete 
Fourier transformation i.e. the tensor product H (E) H (E) H of three Hadamard gates where 

H=^(] \V (3.15) 



2 V -1. 

Delete now the first column of the matrix H ® H ® H and replace the — Is with Os in the remaining 8x7 matrix. Alternatively 
we can replace the +ls with Os and the —Is with Is. Then we obtain the following matrices which are complements of each 
other 



/I 1 1 1 1 1 1\ 

10 10 10 

10 110 

1 1 1 

1 1 1 

10 10 1 

1 1 1 

Vo 1 1 1 0/ 



y^O 0\ 
10 10 10 1 
110 11 
110 110 
1 1 1 1 
10 110 10 
11110 

Vi 1 1 1/ 



(3.16) 
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One can then regard the rows of these matrices as seven binary digit codewords encoding messages of four digits. For this 
purpose let us now regard the^rif, second and fourth digits as check digits. The remaining ones are the message digits. Hence 
for example the codeword (0, 1, 0, 1, 0, 1, 0) encodes the message 0010 and the check digits are Oil. If we would like to send 
four message bits through a noisy channel we can encode our 16 possible 4 digit message bits into our 16 seven digit long 
codewords as discussed above. Let us suppose that the noisy channel has the effect of flipping just one of the seven bits. The 
recipient would like to know whether the seven bit sequence has been corrupted or not. Moreover, if it is corrupted she would like 
to correct it unambiguously. In order to see that she can perform this task just notice that all of our codewords differ from each 
other in at least three digits. If we define the Hamming distance between two codewords as the number of places in which the 
codewords differ we see that all pairs of our codewords have distance at least three. Now if one error is made in the transmission 
then the received binary sequence will still be closer to the origial one than to any other. As a result the received sequence can 
be unambiguously corrected by chosing the codeword from the list which is the closest to it. 



Now our aim is to demonstrate that the two matrices of ( 3. 16 1 related to the codewords of the Hamming code encode another 
version of the tripartite entanglement of seven qubits and the structure of the Lie-algebra of E-j. Let us first use the first of the 



two matrices of (3.16 1 as the incidence matrix of yet another copy of the Fano plane in the Hadamard parametrization 115 5 II . For 
this purpose write the incidence matrix with the following labelling for the rows (r) and columns (c) 



/r/c 


A 


B 


c 


D 


E 


F 


G\ 


a 





1 





1 





1 





b 


1 








1 


1 








c 








1 


1 








1 


d 


1 


1 


1 














e 





1 








1 





1 


f 


1 














1 


1 


\9 








1 





1 


1 


0/ 



f aBDF\ 
bADE 
CCDG 
d-ABC 
^BEG 

Iafg 
KgcEpJ 



(3.17) 



where this labelling automatically defines the index structure for the amphtudes of seven three-qubit states formed out of seven 
qubits A, B,C, D, E, F, G. This convention also fixes the labelling of lines and points of the Fano plane, see Figure[2] 

To the points again we associate qubits and to the lines three-qubit systems with vector spaces Vbdf, Vade, ■ ■ - Vcef- A 
list of these three-qubit Hilbert spaces Ha , cr e ^2 — (000) is given by the correspondence 

("Hooi Hqiq Hon 'Hioo "Hioi Hhq Hm) ^ {Vbdf Vade Vcdg Vabc Vbeg Vafg Vcef) ■ 



Now we switch to a new ordering of the spaces T-L^ according to 
((100), (010), (110), (001), (101), (Oil), (111)) which is the reverse binary labelling, 
representation space of the 56 of E^ in terms of the spaces T-L^ as 



the rule (1,2,3,4,5,6,7) ^ 
This yields our definition for the 



"H = Vabc ®Vade ® Vafg ® Vbdf ® Vbeg ® Vcdg ® Vcef- 



(3.18) 



In order to shed some fight on the possibility of describing also the structure of the Lie-algebra of E-; in terms of data provided 
by the Hamming code let us consider the second matrix of ( |3.16| l. 

The Lie-algebra of E^ has 133 dimensions. We clearly have s[(2)® as a subalgebra of dimension 7x3 = 21. These 21 
generators act on H of (3.18 i via the well known action of the SLOCC subgroup. To define the remaining 112 generators and 
their action on T-L we consider the complements of the lines of the Fano plane of Figure |2] These seven sets of four points form 
seven quadrangles. Since we have already attached to the points of the Fano plane qubits, and this assignment automatically 
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defined our three-qubit states corresponding to the lines, it then follows that the quadrangles define seven four-qubit states. They 
form the 112 dimensional complex vector space 

W = Vdefg ® Vbcfg ® Vbcde © Vaceg ® Vacdf © Vabef © Vabdg (3.19) 

which we can use as the space of Er generators not belonging to the SLOCC subalgebra. Notice that since the complements of 
the quadrangles are lines that can be associated to seven three-qubit states one can label each of these 16 dimensional spaces as 
Wool, Woio,-.- Will. 

Let us denote the basis vectors of the corresponding four-qubit spaces in the computational base as {Taceg, ■ ■ ■ , Tabdg)- 
A clear indication that we are on the right track for defining the Cy algebra via four-qubit states comes from the possibility of 
defining the Lie-bracket on W using, 

[Taceg, Tbc'fg'] = HACEG, BC' FG')scc'eGG'TABEF (3.20) 

where in this example the pair CG is common to both quadrangles, AG EG and BGFG. It can be shown that the explicit form 
for $ is arising from the octonionic multiplication rule that is in turn also encoded into the Hamming code via the structure 
of the Fano plane. Adding also the 21 generators of the SLOCC group as an extra vector space Wooo one can show that after 
introducing the 133 dimensional vector space W = Wooo © W the Lie bracket can be extended using the obvious commutators. 
Denoting this extended bracket by [•, •] one can show l,55 , .82l[83l 

e7 = (W,[ ]). (3.21) 

As we see W has a deep connection with the division algebra of octonions. In technical terms ey, as a vector space, has an 
octonionic grading ll82ll . 

Using this formalism based on the Hamming code one can show that the generators of ey can be written as combinations of 
tripartite entanglement transformations |16 55 1. Some of them are of SLOCC form (those operating in the diagonal blocks), 
while others generate correlations between the different tripartite sectors. One can also show that the representation theoretic 
details are entirely encoded in a so-called (7, 3, 1) design and its complementary (7, 4, 2) one |55|, which correspond to the two 



matrices of (3.16 1 and are related to lines and quadrangles of the smallest finite projective plane: the Fano plane. Moreover, 



these designs are described in a unified form via the nontrivial codewords of the Hamming code of (3.16 1. The Hamming code 



in turn is clearly related to the Hadamard matrix (3.15 1 which is the discrete Fourier transform on three-qubits. We will see in 
later sections that such Hadamard transformations on three-qubits also play a role in obtaining a nice characterisation of BPS 
and non-BPS solutions of the STU truncation. This suggests that black hole solutions of more general type might be understood 
in a framework related to error correcting codes. 



3.4. The structure of the Ej symmetric black hole entropy formula 



We have already discussed Cartan's quartic invariant (3.2 1 well-known from studies concerning S0(8) supergravity Il9l l76ll77l . 
J4 is the singlet in the tensor product representation 56 x 56 x 56 x 56. Its explicit form in connection with stringy black 
holes with their £^7(7) symmetric area form |77| is given either in the Cremmer- Julia form |9| in terms of the complex 8x8 
central charge matrix Z or in the Cartan form |76 1 in terms of two real 8x8 ones x and y containing the quantized electric and 
magnetic charges of the black hole. Let us now present its new form in terms of the 56 amplitudes of our seven qubits ifTSl . In 



the Hadamard representation of (3.18 1 its new expression is 



1. 4 

= 2^" 


+ 


6^ + 


c^ + d^^ 




+ 






+ 




+ c^d^ 4 


- d^e^ + e^f + 








+ 


}?d^ 


+ c'e' 4 


-d^f + e^g^ + 






2 72 

ad 


+ 




+ c2/N 


- d^g^ +e^a^ + 


fbU 


2 2i 

-g c] 


+8[ace(7 


+ 


bcfg 


+ abef 


f defg + acdf - 


- bcde 


i- abdg 



(3.22) 

Here we have for example 

h^^P — rAiA3^B3Bi^C2C3^DiD2^EiEi^G2GiL n rl ^ 

ocae — e e e e e e 0AiDiExC-c2D2G2^A3B3C3GB4.EiGi- 

The remaining terms can be described in a unified manner by employing the following definition. Let us consider for example 
the two three-qubit states \d) and \b) with amplitudes dABC and bADE made of five different qubits A, B, C, D, E with qubit A 
as the common one. For this situation we define 

^2i,2 _ _ ^AiAs ^BiB2 ^GiC2 ^A2A4, ^D3D4 ^E3Ei ^ rl h h 

do =Li[d,o) — e e e e e ^ dAiBiCi<J'A2B2C20A3D3E30A4DiE4- 
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FIG. 3: The dual Fano plane. To its points now we attached three qubit states with the representative amplitudes indicated. To 

the lines we associate the common qubits these tripartite states share. 



In this notation 



Q{d,d) = -2D{d) 



i.e. —2 times the usual expression for Cayley's hyperdeterminant. 

Another important observation is that the terms occurring in (3.22i can be understood using the dual Fano plane. To see 
this note that the Fano plane is a projective plane hence we can use projective duality to exchange the role of lines and planes. 
Originally we attached qubits to the points, and tripartite sysems to the lines of the Fano plane. Now we take the dual perspective, 
and attach the tripartite states to the points and qubits to the lines of the dual Fano plane see Figure[3] In the ordinary Fano plane 
the fact that three lines intersect in a unique point correspondeds to the fact that any three entangled tripartite systems share a 
unique qubit. In the dual perspective this entanglement property corresponds to the geometric one that three points are always 
lying on a unique line. For example let us consider the three points corresponding to the tripartite states with amplitudes d, b, 
and /. Looking at Figure |3] these amplitudes define the corresponding points lying on the line dbf. This line is defined by the 
common qubit these tripartite states share namely qubit A. 

In the dual Fano plane we have seven points, with seven tripartite states attached to them. The corresponding entanglement 
measures are proportional to seven copies of Cayley's hyperdeterminant, then in I4 we have the terms a'^,b'^,c^,d*,e'^, and 
g"^. We also have seven lines with three tripartite states on each of them. We can group the 21 terms of the form a^b^ etc. into 
seven groups associated to such lines. They describe the pairwise entanglement between the three different tripartite systems 
(sharing a common qubit). For example for the line dbf we have the terms b^d^, d^ p and b^ p describing such pairwise 
entanglements. Finally we have seven quadrangles (as complements to the lines) with four entangled tripartite systems giving 
rise to the last seven terms in I 4^. 



Apart from immediately identifying the seven different STU truncations, the form of (3.22 1 has many other virtues. One of 
them is that we can easily understand some of the nontrivial truncations and as an extra bonus we can also quickly realize their 
finite geometric meaning. As an example let us consider the decomposition of the 56 of Ej 



56^ (2,12)0(1,32) 



(3.23) 



with respect to the maximal subgroup SL(2, C) x S0(12, C). Notice that the (2, 12) part of the representation space T-L consists 
of the amplitudes of the form 



^cLabcX 

hADE e ^(2,12) = Vabc ® Vade © Vafg = Va ® {Vbc © Vde ® Vfg) 
Jafg ) 



(3.24) 



and the (1, 32) part of the ones 



/ o-bdf\ 

e-BEG ^ "^(1,32) = VbdF ' 
CCDG I ' J 

\gCEF/ 



Vbeg ffi VcDG ffi Vcef- 



(3.25) 



We see that the (2, 12) space consists of all the amplitudes sharing qubit A in common, and the (1, 32) all those excluding qubit 
A. 
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It is also clear that by writing our representation space as 

Vade ®Va® {Vbc © Vfg) (BVd® {Vbf © Vcg) ®Ve® {Vbg © Vcf)- (3.26) 

one can easily understand the decomposition 

(2, 12) e (1, 32) ^ (2, 2, 2, 1) ® (2, 1, 1, 8v) © (1, 2, 1, 8,) ® (1, 1, 2, 8^) (3.27) 

with respect to the inclusion SL(2) x SL(2) x SL(2) x SO(4,4) c SL(2) x SO(6,6). 

Let us discuss the meaning of the (2, 12) truncation in the black hole context. In this case the corresponding groups are 
real, hence in the supergravity approximation we have SL(2, R) x S0(6, 6). We have in this case 2 x 12 charges. In the 
quantum theory they are integer valued and the U-duality group is broken to SL(2, Z) x S0(6, 6, Z). The groups SL(2, Z) and 
S0(6, 6, Z) are the S and T duality transformations of toroidally compactified type llA string theory [11 1. For the black hole 



solutions in the corresponding models one can obtain entropy formulae that are truncations of (3.22i with integer amplitudes. 
Since we have seven lines in the dual Fano plane such truncations can be obtained in seven different ways. As a particular 
truncation one can take for example the line dhf in the dual Fano plane. The relevant truncation of /4 interpreted as a measure 
of pure state entanglement one can take 

^ = 2|64 + d^ + /4 + 2{h'd? + d?f + h'f)] (3.28) 

where the notation Tj indicates that now we have three tripartite states. Now we write the state corresponding to the line dbf 
in the form 

It/.) = 1^) ® {dABc\BC) + bADE\DE) + fAFG\FG)). (3.29) 

ABCDEFG=aA 

This notation clearly displays that qubit A is entangled with the remaining pairs {BC){DE){FG). Recalling that this state 
transforms as the (2, 12) of SL(2) x S0(6, 6) we can write, 

IV-) A = 0,1, M = l,2,...12. (3.30) 

A^i 

Introducing the notation 

/ doBc\ I diBc\ 

P^ = Vom= W , = = UiDB . (3.31) 

\foFG / \flFG J 

(3) 

In these variables for Tg we get the following expression 

rf) =4|(pp)(qq)-(pq)2| (3.32) 
where the scalar products above are defined with respect to the 12 x 12 block-diagonal matrix containing three copies of e (E) e. 



Now in the black hole analogy and are integer and the measure of entanglement in ( 3.28 1 can be related to the black hole 
entropy ||84]| 



•S-IV^i'^ (3.33) 



coming from the truncation of the Af = 8 theory with i?7(7) (Z) symmetry to Af — 4 supergravity coupled to 6 vector multiplets 
with SL(2, Z) X S0(6, 6, Z) U-duality. From the string theoretical point of view this sector describes the NS-NS charges. Note, 
that in the cyclic representation of ( |3.1 1[ ) the formula above can also be reinterpreted as Cayley's hyperdeterminant over the 
imaginary quaternions 159|. For a similar discussion of the (1, 32) truncation of /4 and its interpretation as an entanglement 
measure featuring the 32 so called R-R charges we refer the reader to the literature 1,59 J . 

4. Ee AND THE BIPARTITE ENTANGLEMENT OF THREE QUTRITS 
4.1. The Octonions and the cubic invariant 



In quantum information one can consider entangled states representing quantum systems with more than two states (qubits). 
Apart from qubits the simplest objects to consider are entangled three-state systems called qutrits. A qutrit is an element of 
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and the corresponding SLOCC group acting on it is GL(3, C). The entanglement measures for such systems should come 
from relative invariants under the action of the multipartite local SLOCC group. For example as the simplest relative SLOCC 
invariant for a two-qutrit state of the form 

W= i^ABlA) (g> \B) (4.1) 

A,B=0,1,2 

one can take the determinant Det{tp) of the 3x3 matrix i/jab- This quantity is obviously a relative invariant which is invariant 
under the the SL(3, C) x SL(3, C) subgroup of two-qutrit SLOCC transformations. The classification of two-qutrit states is very 
simple. Different SLOCC classes are labelled by the rank of the 3x3 matrix tpAB- 

Based on our experience of relating special entangled systems built from few real qubits (or rebits) to the structure of black 
hole entropy formulae for £> = 4 supergravity theories with A/^ = 8, 4, 2 supersymmetries the question now is the following: can 
we find entangled systems of real qutrits that can be related to black hole entropy formulae of other kind? This generalization is 
indeed possible, provided we consider black hole, and black sring solutions in five dimensions 1 17 1. Moreover, we can then also 
use these structures in the complex domain, as new entanglement measures of some hypothetical entangled system. 

In order to see how these structures arise let us recall that magic J\f ~ 2, D ~ 5 supergravities |37 -39 , 59 1 coupled to 5, 8, 14 
and 26 vector multiplets with symmetries SL(3, R), SL(3, C), SU*(6) and £'6(-26) can be described by Jordan algebras of 3 x 3 
Hermitian matrices with entries taken from the reals, complexes, quaternions and octonions. It is also known that in these cases 
we have black hole solutions that have cubic invariants whose square roots yield the corresponding black hole entropy |85|. 
Moreover, we can also replace in these Jordan algebras the division algebras by their split versions. For example, in the case of 
split octonions we arrive at the Af = 8, D ^ 5 supergravity 1 86 1 with 27 Abelian gauge fields transforming in the fundamental 
of £^6(6) ■ In this theory the corresponding black hole solutions have an ii^g(g)(Z) symmetric entropy formula ll59|[87l[88]| . It is 
also important to note that the magic Af — 2 supergravities associated with the reals, complexes and quaternions can be obtained 
as consistent reductions of the J\f — 8 theory [ 85 1 based on the split octonions. On the other hand, the J\f = 2 supergravity based 
on the division algebra of the octonions is exceptional since it cannot be obtained from the split octonionic Af = 8 theory by 
truncation. 

Since in all these cases the black hole entropy is given in terms of a cubic invariant, to relate them to entangled systems of 
some kind we need to first understand the structure of these invariants. 

An element of a magic cubic Jordan algebra can be represented as a 3 x 3 Hermitian matrix with entries taken from a division 
algebra A, i. e. R, C, H or O. Exphcitly, we have 

UQ) =\Q^ q^Q' \ q.e R, Q"-''^ G A (4.2) 

where an overbar refers to conjugation in A. These charge configurations describe electric black holes of the Af ~ 2, 
D = h magic supergravities |37 - 39 59 1. In the octonionic case the superscripts of Q refer to the fact that the fundamental 
27-dimensional representation of the U-duality group i?6(-26) decomposes under the subgroup S0(8) to three 8-dimensional 
representations (vector, spinor and conjugate spinor connected by triality) plus three singlets corresponding to the qi^i — 1,2,3. 
A general element in this case is of the form Q = Qo + QiCi + • • • + Qtcj, where the imaginary units ei, 62, . . . , 67 satisfy 
the rules of the octonionic multiplication table. The norm of an octonion is QQ = (Qo)^ + • • • -I- (Qt)'^- The real part of an 
octonion is defined as Re{Q) = + Q). The magnetic analogue of J^iQ) is obtained by replacing Q with P referring now 
to the magnetic charges. JsiP) describes black strings related to the previous case by electric-magnetic duality. 
The black hole entropy is given by the cubic invariant 

h{Q) = 919293 - (qiQ'W + q2Q'W + qsQ^'W) + 2Re(Q"Q^Q^) (4.3) 



(4.4) 



and for the black string we get a similar formula with I^{Q) replaced by Ij,{P)- 
In the spit octonionic case (Ds the norm is defined as 

= {Qof + [Qi? + {Q2f + (Q3)' - {Qif - (O5)' - (Qe)' - [Qi? 



(4.5) 

and the group preserving the cubic invariant of the corresponding Jordan algebra is i?6(6)' which decomposes similarly under 
S0(4, 4). This is the case of Af = 8 supergravity with duality group £'6(6) 1891. In the quantum theory the black hole/string 
charges become integer-valued and the relevant 3x3 matrices are defined over the integral octonions and integral split octonions, 
respectively. The U-duality groups are in this case broken to £6(-26) (^) ™d -£'6(6) (^)- In all these cases the entropy formula is 



given by (4.3 i-(4.4i, with the norm given by either the usual one or its split analogue (|4.5 
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4.2. Qutrits and the cubic invariant 

Since all the Af = 2 magic, aside from the octonionic case, supergravities can be obtained as consistent truncations of the 



Af = 8 split-octonionic case, let us consider the cubic invariant of (4.3 i with the U-duality group £^6(6)- Let us also consider 



the decomposition of the 27-dimensional fundamental representation of i?6(6) with respect to its [SL(3, R)]'*'^ subgroup, 

£;6(6) 3 SL(3, R)a X SL(3, x SL(3, R)c (4.6) 

under which 

27 ^ (3', 3, 1) ffi (1, 3', 3') ® (3, 1, 3). (4.7) 

The above-given decomposition gives the bipartite entanglement of three-qutrits interpretation lfT7ll59]| of the 27 of -E6(6)- Just 
as the tripartite entanglement of seven qubits was not a subspace of seven qubit, clearly this is not a subspace of the three 
qutrits. However, it is a subspace of three 7-dits closed under [SL(3, C)]®'' C [SL(7, C)]*®^ ifTTll . and so once again admits 
a conventional interpretation despite the appearance of the direct sum. Neglecting the details, all we need is three 3x3 real 
matrices a, b and c with the index structure 

a^B, 6^*^, CCA, A, B,C = 0,1,2 (4.8) 
where the upper indices are transformed according to the (contragredient) 3' and the lower ones by 3. The explicit dictionary 



between the qutrit amplitudes a, b and c above and the components of the Jordan algebra as given in (4.2 1 can be found in the 
hterature Iil9ii59j . 

Now the new expression for the cubic invariant I3 of (|4.3[l is ifTTl 



I3 = BetJsiQ) = + + + 6a6c. (4.9) 

Here 

a' = leA,A,A,e''''''^'a^' B.a"^' B,a^' B,, abc = ^a'^Bb^^ccA (4.10) 
with similar expressions for b^ and c^. Notice that the terms like a"^ produce just the determinant of the corresponding 3x3 



matrix. Since each determinant contributes 6 terms, altogether we have 18 terms from the first three terms in (4.9 1. The fourth 
term contains 27 terms hence altogether I3 contains precisely 45 terms. This observation will be of importance for setting up a 
finite geometric interpretation |19 | of the structure of I^. 

The qutrits giving rise to this nice interpretation are again real. After quantization the amplitudes a, b and c are integer, and 
the cubic invariant I3 is an _E6(6)(Zi) invariant. 



4.3. The qubic invariant, qutrits and generaUzed quadrangles 

A finite generalized quadrangle of order (s, t), usually denoted GQ(s, t), is an incidence structure S = [P, B, I), where P and 
B are disjoint (non-empty) sets of objects, called respectively points and lines, and where 1 is a symmetric point-line incidence 
relation satisfying the following axioms ll90l : (i) each point is incident with 1 + t lines {t > 1) and two distinct points are 
incident with at most one line; (ii) each line is incident with 1 + s points (s > 1) and two distinct lines are incident with at most 
one common point; and (iii) if a; is a point and i is a line not incident with x, then there exists a unique pair {y, M) G P x B 
for which xUIlylL; from these axioms it readily follows that |P| = (s + l){st + 1) and \B\ = {t + l){st + 1). 

Given two points x and y of S one writes x ^ y and says that x and y are collinear if there exists a line L of 5 incident with 
both. For any x G P denote x-^ = {y E P\y ~ x} and note that x E x-^; obviously, = 1 + s + st. Given an arbitrary 
subset A of P, the perp(-set) of A, A-^, is defined as A-^ = p|{a;-'-|a; e A}. 

Here we shall be concerned with generalized quadrangles having lines of size three, GQ(2, t). From the above-given restric- 
tions one readily sees that these are of three distinct kinds, namely GQ(2, 1), GQ(2, 2) and GQ{2, 4). GQ(2, 1) is a grid of 
9 points on 6 lines. GQ(2, 2) is the smallest thick generalized quadrangle, also known as the "doily." It is the pentagon-like 
object shown within Figure 4. The pairs of numbers clearly show its duad construction. This quadrangle is endowed with 15 
points/lines, with each line containing 3 points and, dually, each point being on 3 lines. The last case in the hierarchy is GQ{2, 4), 
which possesses 27 points and 45 lines, with lines of size 3 and 5 lines through a point. One of its constructions goes as follows. 
One starts with the duad construction of GQ(2, 2), adds 12 more points labelled simply as 1, 2, 3, 4, 5, 6, 1', 2', 3', 4', 5', 6' and 
defines 30 additional lines as the three-sets {a, b' , {a, b}} of points, where a,b E {1, 2, 3, 4, 5, 6} and a ^ b. This process is 
diagrammatically illustrated, after Polster ||9ll , in Figure 4. 
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FIG. 4: A diagrammatic illustration of the structure of the generalized quadrangle GQ(2, 4) after Polster ||9ll . In both the 
figures, each picture depicts all 27 points (circles). The top picture shows only 19 lines (line segments and arcs of circles) of 
GQ{2, 4), with the two points located in the middle of the doily being regarded as lying one above and the other below the 
plane the doily is drawn in. 16 out of the missing 26 lines can be obtained by successive rotations of the figure through 72 
degrees around the center of the pentagon. The bottom picture shows a couple of lines which go off the doily's plane; the 
remaining 8 lines of this kind are again got by rotating the figure through 72 degrees around the center of the pentagon. 



The structure of the generalized quadrangle GQ(2,4) nicely encapsulates the structure of the cubic invariant up to signs 
lfT9l . Recall that the number of lines (45) matches the number of terms in the explicit expression of the cubic invariant of ( |4.9| l. 
Writing out explicitly one can deduce the labelling for GQ{2, 4) described in Figure 5. 

Notice that the three two-qutrit states of (4.8 1 partition the 27 points of GQ{2, 4) to 3 disjoint grids, i. e. GQ{2, l)s. The 27 
lines corresponding to the terms of Tr(a6c) of \4.9\ are of the type like the one a^2&^^C2i, and the 3 x 6 = 18 terms are coming 
from the three 3x3 determinants a^,b^,c^. These terms are of the form 6^" 6°^ 6^^. One can check that each of 45 lines of 
GQ{2, 4) correspond to exactly one monomial of (4.9 1. 

It is well-known that the automorphism group of the generalized quadrangle GQ{2, 4) is the Weyl group |90| W{Eq) of order 
51840. This group is a subgroup of the U-duality group i?g(6)(Z). For an explicit realization of this subgroup in a quantum 
information theoretic setting see lfT9]| . The cubic invariant is also connected to the geometry of smooth (non-singular)) cubic 
surfaces |82|. It was Elie Cartan who first realized |92| that the 45 monomials of our cubic form stabilized by W{Eq) are in 
correspondence with the tritangent planes of the cubic. 



4.4. Geometric hyperplanes and truncations 

A geometric hyperplane H of a point-line geometry T{P, B) is a proper subset of P such that each line of F meets H in 
one or all points |53|. The only type of hyperplanes featured in GQ(2,4) are doilies (we have 36 of them) and perp sets (their 
number is 27). Moreover, GQ{2, 4) also contains 3 x 40 = 120 grids. However, these are not its geometric hyperplanes |(93l . 
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® <^ ® 

FIG. 5: A qutrit labelling of the points of GQ{2, 4). Three different colours (online only) are used to illustrate a triple of grids 

partitioning the point set. 

(This is quite different from the GQ{2, 2) case, where grids are geometric hyperplanes.) Though they are not hyperplanes, they 
have an important property: there exits 40 triples of them, each partitioning the point set of GQ{2, 4). 

A decomposition of i56(6) directly related to a doily as a geometric hyperplane sitting inside GQ{2, 4) is the following one 
MM 

^6(6) I) SL(2,R) X SL(6,]R) (4.11) 

under which 

27^ (2,6)® (1,15). (4.12) 

One can show that under this decomposition J3 schematically factors as 

I3 ^Pf{A) + u^Av, (4.13) 

where u and v are two six-component vectors and Pf (^) is the Pfaffian of an antisymmetric 6x6 matrix with 15 independent 
components. Clearly the decomposition above featuring the doily is nicely mapped to the duad construction of GQ{2, 4), see 
Figure 4. 

The next important type of subconfiguration of GQ{2, 4) is the grid. The decomposition underlying this type of subconfigu- 
ration is the one given by ( |4.6[ ). It is also obvious that the 40 triples of pairwise disjoint grids are intimately connected to the 
40 different ways we can obtain a qutrit description of I3. Note that there are 10 grids which are geometric hyperplanes of a 
particular copy of the doily of GQ(2,4). This is related to the fact that the quaternionic magic case with 15 charges can be 
truncated to the 9 charge complex case. 

The second type of hyperplanes we should consider are perp-sets. Perp-sets are obtained by selecting an arbitrary point and 
considering all the points collinear with it. Since we have five lines through a point, any perp set has 1 + 10 = 11 points. A 
decomposition which corresponds to perp-sets is thus of the form |59| 

S6(6)3SO(5,5)xSO(l,l) (4.14) 

under which 

27^16i®10_2®l4- (4.15) 

This is the usual decomposition of the U-duality group into the T duality and S duality. It is interesting to see that the last term 
(i. e. the one corresponding to the fixed/central point in a perp-set) describes the NS five-brane charge. Notice that we have five 
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lines going through this fixed point of a perp-set. These correspond to the used to compactify type II string theory to five 
dimensions. The two remaining points on each of these 5 lines correspond to 2 x 5 = 10 charges. They correspond to the 5 
directions of KK momentum and the 5 directions of fundamental string winding. In this picture the 16 charges not belonging to 
the perp-set correspond to the 16 D-brane charges. Notice that we can get 27 similar truncations based on the 27 possible central 
points of the peip-set. 



4.5. Three-qubit operators and the cubic invariant 

In the previous subsections we managed to understand the structure of the cubic invariant giving rise to the black hole entropy 
of five dimensional black holes and black strings in terms of qutrits. Now we show that interestingly there is a dual way of 
understanding using the real three-qubit Pauli group |fT9l . This way of looking at Ij, provides a geometric framework for 
understanding the connection between the d = 4 and d = 5 duality groups i.e. E-jirA^) and i?6(6) (^)- 

Let us define the real three qubit Pauli operators by introducing the notation iflSl X = ai, Y — 102 ,and Z = 0-3; here, 
aj,j = 1, 2, 3 are the usual 2x2 Pauli matrices. Then we can define the real operators of the three-qubit Pauli group |4, 54, 58] by 
forming the tensor products of the form ABC = A®B®C that are 8 x 8 matrices. All possible combinations of these operators 
of the form zLABC make up the real Pauli group, a set of 128 matrices endowed with the usual matrix multiplication. Notice 
that operators containing an even number of Ys are symmetric and those containing an odd number of Ys are antisymmetric. 
From the 64 possible combinations of the form ABC we have 36 symmetric matrices and 28 antisymmetric. 

From the set of antisymmetric matrices let us chose the seven element subset 

(51, 52, 93,34,55,56,57) - {IIY,ZYX,YIX,YZZ,XYX,IYZ,YXZ) (4.16) 

satisfying the relation {5a, 56} — — 2(5a6, a,b = 1,2, ...7. These operators form the generators of a seven-dimensional 
Clifford algebra. The remaining 21 antisymmetric operators are of the form ^ [5^, gi,]. They generate an so(7) algebra. We relate 
these matrices to the generators of S0(8) using 

- r"" = 50a = 5a, -r"^" = 9ab = ^ [9a, 9b]- (4.17) 



We can make use of these three-qubit operators for expanding the Af = 8 central charge Zab as in ( 3.5 i. 
Note that the decomposition 

E7i7) 3 ^6(6) X S0(1, 1) (4.18) 

under which 

56^ 1©27©27'©1' (4.19) 

describes the relation between the D = 4 and D = 5 duality groups |77 87l l95H98]| . In order to connect the qutrit and three-qubit 
operator pictures we assign to one of the three-qubit operators a special status 

n = IIY = gi. (4.20) 



Now we use the Af — 8 central charge parametrized as in ( 3.5 1 and look at the structure of the cubic invariant. It can be also be 
written in the alternative form ||78]| 

I3 = ~^TT{nznznz). (4.21) 



In order to get the correct number of components, we impose the constraints 

Tr{nz) = 0, z ^ nzn^. (4.22) 

The first of these restricts the number of antisymmetric matrices to be considered in the expansion of Z from 28 to 27. The 
second constraint is the usual reality condition which restricts the 27 complex expansion coefficients to 27 real ones. The group 
theoretical meaning of these constraints is the expansion of the Af — 8 central charge in an USp(8) basis, which is appropriate 
since USp(8) is the automorphism group of the Af = 8, D = 5 supersymmetry algebra. 
It is easy to see that the reality constraint yields for ilZ the form 

nZ = S + iA = x^^gijk + i{yo]9i] ^ Vi39j)- (4.23) 
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Performing standard manipulations, we get 



4o 



Hence, with the notation 



yij+1, Vj=y„j+i, j, fc = 1,2, ...,6, 
the terms of (4.24 1 give rise to the form of (4.13 1. Notice also that the parametrization 

' = (61°, -cio, a^2, ci2, 6^^, a^o) 



'C21, ~a 1, 



-6°!, -~a\, coi, 521), 



(4.24) 



(4.25) 



(4.26) 



yields for I3 its qutrit version of (4.9 1. 
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(4.27) 



4.6. Mermin squares 



At this point it is instructive to have a look again at the finite geometric structure of I3. The careful reader might have noticed 
that there is one important issue we have not clarified yet. We have established a connection between the qutrit interpretation and 
the structure of the generalized quadrangle GQ{2, 4). However, our labelling of the points of GQ{2, 4) by the real 3x3 matrices 
a, 6 and c serving as qutrit amplitudes did not manage to take care of the signs of the 45 terms showing up in I3. It is easy to 
see that no distribution of charges for these amplitudes is available matching the structure of and the incidence structure of 
GQ{2, 4) at the same time. 

The reason for this is very simple. According to Figure |5]the points of G'Q(2,4) can be split into three grids. Moreover, 
according to ( |4.9[ ) the relevant part of answering a particular grid is just the 3x3 determinant of the corresponding two-qutrit 
state. The structure of this determinant is encapsulated in the structure of the corresponding grid. We can try to arrange the 
9 amplitudes in a way that the 3 plus signs for the determinant should occur along the rows and the 3 minus signs along the 
columns. But this is impossible since multiplying all of the nine signs "row-wise" yields a plus sign, but "column-wise" yields 
a minus sign. 

Readers familiar with Bell-Kochen-Specker type theorems ruling out noncontextual hidden variable theories may immediately 
suggest that if we have failed to associate signs with the points of the grid, what about trying to use noncommutative objects 
instead? More precisely, we can try to associate objects that are generally noncommuting but that are pairwise commuting along 
the lines of the grid. This is exactly what is achieved by using Mermin squares ll56ll99l[T00l . Mermin squares are obtained by 
assigning pairwise commuting two-qubit Pauli matrices to the lines of the grid in such a way that the naive sign assignment does 
not work, but we get the identity operators with the correct signs by multiplying the operators row- and column-wise. 

However, we have merely 16 real two-qubit Pauli operators up to sign, which is simply not enough to label the 27 points of 
our GQ{2, 4). Hence we are forced to try the next item in the line: namely some subset of the real three-qubit Pauli group. Let 
us recall the duad labelling of GQ{2, 4) as discussed in Figure|4] According to this a natural noncommutative labelling for the 
27 points of GQ{2, 4) is the following. Let us remove the special operator ft from the 28 antisymmetric ones. Then set up the 
correspondence between the points of Figure [4] and the remaining operators as 



{1', 2', 3', 4', 5', 6'} O {32,53,54,55,56,57}, {1,2,3,4,5,6} O {5i2,5i3,5i4,5i5,5i6,5i7} 



(4.28) 



{12, 13, 14, 15, 16, 23, 24, 25, 26} o {^23, 524, 525, 526, 527, 534, 535, 536, 537} 



(4.29) 



{34,35,36,45,46,56} O {545,546,547,556,557,567} 



(4.30) 



i. e., by shifting all the indices of gjj not containing or 1 by —1 we get the duad labels. 

However, in order for this noncommutative labelling of GQ{2, 4) to represent a generalization of a Mermin square: (i) the 
operators on each line should be pairwise commuting and (ii) at the same time their products (not depending on the order) should 
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FIG. 6; An illustration of the non-commutative labelling of the points of GQ{2, 4). For better readability of the figure, the sign 

of an operator is placed above the latter. 



produce the identity operator up to sign. It is easy to check that the noncommutative labelling above fails to satisfy these criteria 



Luckily this is easily remedied. Notice that our special operator ft of ( |4.20| i commutes with all of the operators in ( |4.29| l- 
(1430 1. Hence we can multiply the operators of (4.29i-(4.30i by il from either side. One can then check that the resulting 



labelling, with 12 antisymmetric and 15 symmetric operators, now satisfies the criteria required by a genuine generalization of a 
Mermin square. In summary for a Mermin-like noncommutative labelling for GQ{2, 4): use (4.28 i, and for the remaining points 
the new labels 



{12, 13, 14, 15, 16, 23, 24, 25, 26} = {gi23, 5i24, ffi25, 5i26, 5i27, 5i34, 5i35, 5i36, 5137}, 



(4.31) 



{34, 35, 36, 45, 46, 56} = {51145, gi46, 5i47, ffise, 5i57, giar}- 



(4.32) 



Using the explicit form of the 8x8 matrices ga of ( |4.16[ ), we get three-qubit operators with a natural choice of signs as 
non-commutative labels for the points of GQ{2, 4). This is displayed in Figure|6] 

Let us now recall (4.21 1, (4.23 1 and \AA\. These formulae relate our considerations based on Mermin squares to the structure 



of the black hole entropy. The expression in (4.23 1 clearly shows that the charges are expansion coefficients of VIZ with 
respect to basis vectors that are precisely our noncommutative labels for GQ{2,A). Hence employing the simple criteria (i) 
and (ii) for constructing Mermin square-like configurations for the generalized quadrangle GQ{2, 4) lead us naturally to a finite 
geometric understanding of the structure of the black hole entropy formula. Recall that for GQ{2, 1) (the grid) we have an 
ordinary Mermin square with entropy formula related to the determinant as and entanglement measure for a two qutrit system, 
for GQ{2, 4) (the doily) we have a Mermin square-like configuration with entropy related to the Pfaffian (see (4.13 1). These 
observations put our considerations on the structure of the D ~ h semiclassical black hole entropy into a nice unified picture 
based on "Mermin-squares" associated to generalized quadrangles of type GQ{2, t). We note in closing that there are other 
interesting subconfigurations of finite geometries called ovoids that can be associated to Mermin pentagrams 199111011 . Their 
possible interpretation within the framework of the BHQC is unclear 



20 



5. STU BLACK HOLES AND ATTRACTORS. 
5.1. The STU model 

In the previous section we saw how the structure of the macroscopic Bekenstein-Hawking entropy is encoded into entan- 
glement measures of several qubits and qutrits. Apart from the BHQC contributing to our understanding of structural issues 
concerning black-hole entropy in quantum information theoretic terms, the desire for an entanglement based understanding for 
issues of dynamics also arose. In this section we would like to discuss results connected to the dynamics of the well-known 
attractor mechanism 12414261 in the special case of the STU model ll27l|28]| . 

Theories such as the STU model arise in string theory, whose low energy limit is described by two derivative supergravity 
theories involving massless fields of spins < 2. We consider the effective action for these fields to leading order in the string 
coupling constant and the inverse tension. Since these string theories (and M-theory) live in ten (eleven) spacetime dimensions 
we have to deduce the four dimensional massless spectrum by compactification of the extra dimensions. This process is effected 
by decomposing the 10-dimensional fields according to harmonic forms determined by the cohomology of the extra dimensions. 
Thus, the geometric data of these spaces gives rise to extra fields in the low energy effective four dimensional theory. Among 
these fields especially important are the so-called moduli, massless scalar fields describing the fluctuation of the shape and size 
of the extra dimensions. The space of deformation parameters of "size and shape" is called the moduli space. The scalar fields 
in the four-dimensional spacetime manifold take values in this space. 

The massless spectrum of string theories also contains Maxwell-like fields described by differential forms. Like the familiar 
Maxwell field, which is a one-form coupled to the world-line of point-like objects, these [p + l)-form fields couple to the world- 
volumes of extended objects called p-branes. In the low energy effective four-dimensional picture such objects also give rise to 
Maxwell fields (U(l) gauge fields) with their couplings depending on the scalar (moduli) fields. 

As we have already mentioned the low energy four-dimensional actions are supergravity theories implying that accompanying 
the bosonic fields, namely the metric, the scalar fields and the Maxwell fields, are their /erm/on/c counterparts. Supersymmetry 
transformations mix the fermionic and bosonic fields. Since our main concern here is finding the classical black hole solutions 
we can restrict our attention merely to the bosonic part of the Lagrangian by setting the fermionic fields to zero. Nevertheless 
we shall be primarily concerned with solutions that preserve some fraction of the supersymmetry. In other words they admit co- 
variantly constant (Killing) spinors. These solutions will be called supersymmetric or BPS (Bogolmolny, Prasad, Summerfield). 

The STU model is a rigid Af = 2 supergravity model in I? = 4, coupled to three vector multiplets. The D = 4:,JV = 2 
supergravity multiplet contains the metric (graviton), two spin-3/2 fermions (gravitini) and one spin-1 gauge potential A^, the 
so-called "graviphoton". The vector multiplets each consist of one gauge potential, two spin- 1/2 fermions (gaugini) and a single 
complex scalar field. In summary, the bosonic sector is precisely of the form we discussed above. Namely it contains the four- 
dimensional spacetime metric g^^, three complex scalar fields ,j — 1, 2, 3, and 4 U(l) vector fields Aj^ with field strengths 
J^^^ where / = 0, 1, 2, 3. Sometimes the three complex scalars are denoted by the letters S, T and U, hence the name of the 
model. 

There are a number of different ways of obtaining the STU model from string or M-theory compactifications |27|. For 
example, when type IIA string theory is compactified on a six torus (or equivalently when M-theory is compactified on a T^) 
one recovers TV = 8 supergravity in £> = 4 with 28 vectors and 70 scalars. The moduli space is the coset space i?7(7)/ SU(8). 
This theory with an on shell U -duality symmetry -£7(7) is already familiar from our considerations of the tripartite entanglement 
of seven qubits. There we saw that the STU model is a consistent JV = 2 truncation of this JV = 8 model. We have seven 
equivalent STU truncations corresponding to the seven points of the dual Fano plane. One may also obtain the STU model 
directly by orbifold compactification |68|. This version comes with an additional four hypermultiplets and is the one obtained 
by truncating the Fano plane from 7 lines to one. These hypermultiplets will not play a role in the present paper, however. 

It is therefore not surprising that the study of STU black hole solutions is very important. For example, the single-center 
1/2 -BPS solutions of the STU model with non-zero Bekenstein-Hawking entropy may be embedded in the 1/8-BPS solutions 
with non-zero Bekenstein-Hawking entropy of the Af = 8 model. This implies that in order to generate the most general solution 
one has to act with and SU(8) transformation rotating the 4 + 4 charges of the STU model associated with the 4 U(l) gauge fields 
to the 28 + 28 charges of the Af — 8 theory. In the language of group theory this process is encapsulated in ( |3.27[ l. The charges 
of the STU model correspond to a singlet of S0(4, 4) and transform as a three-qubit state, i.e. a (2, 2, 2) under [SL(2, Z)]**^. 
Although in the STU model we have just 6 real (3 complex) scalars one can generate generic values of the scalars via applying 
an i?7(7) transformation. Thus in many ways, the STU model serves as a basic building block. 
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5.2. STU black holes as four-qubit systems 

5.2.1. Timelike dimensional reduction of the STU Lagrangian 
The bosonic part of the action of the STU model is 



(5.1) 



Here -kF refers to the Hodge-dual of the two-form F and T ■ T — F^^F^'^ . The manifold of the scalar fields for the STU 
model is [SL(2, K,)/ U(l)]^'^. In the following we will denote the three complex scalar fields as 

z^=x^-iy^, J = 1,2,3, y^>0. (5.2) 

With these definitions the metric on the scalar manifold (moduli space) is 

The metric above can be derived from the Kahler potential 

K = - log(8yiy2y3) (5.4) 
as Gf; — didjK. For the STU model the scalar dependent vector couplings ReAfjj and ImAfjj take the following form 



^2x1x2x3 —X2X3 —X1X3 — XlX2^ 



lyjj = ReAfij = 



-X2X3 
-X1X3 
-X1X2 
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(5.5) 



^/j = ImJVij = -yiij2y3 
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(5.6) 



Our aim is to describe stationary solutions of the Euler-Lagrange equations arising from the STU action ( |5.1| l in an entanglement 
based language. 

It is well-known that the most general ansatz for stationary solutions in four dimensions is II 1021 



-e^^{dt + ujf + e-^^habdx^dx'' 



= dA' = d{C^{dt + Lu)+ A^) 



(5.7) 
(5.8) 



where a,b = 1, 2, 3 correspond to the spacial directions. The quantities U, A^, uJa and hab are regarded as 3D fields, i.e. the 
ansatz above corresponds to dimensional reduction to Z? = 3 along the timelike direction. In achieving this we have chosen the 
gauge such that the Lie-derivative of A' with respect to the timelike Killing vector vanishes, and have chosen coordinates such 
that the isometry corresponding to this Killing vector is just a (time) translation. In this case the quantities in ( 5.7|5.8 1 depend 
only on x", a — 1, 2, 3. 

After performing the dimensional reduction to D = 3 our starting Lagrangian of ( |5.1| l takes the following form II102II1031 



where 



£ = £1+ £2+^:3 



£1 = ^^y/hR[h] +dUA icdU + ^e-^^ida + iid^^ - ^'d^i) A *{da + ijd^' - C'dij) 



(5.9) 



(5.10) 
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£2 = G.^dz' A irdz^ 

''J 



(5.11) 



2 ^ "2 

Here the new (axionic) scalars a and ^/ come from dualizing w and yl^ by 11021 

dii = uijdi^ - e'^^nij * {dA-^ + C^dw) 

da EE e'"^ ★ do; + C^d|/ - |/<i^^. 



(5.12) 

(5.13) 
(5.14) 



Note also that here the exterior derivative is understood on the spatial slice with local coordinates a;°, a = 1, 2, 3. 

The dimensionally reduced Lagrangian C can be written in the nice form of 3-dimensional gravity coupled to a nonlinear 
sigma model defined on the spatial sUce with target manifold Ml 0411 M3 = S0(4, 4)/[SL(2, R)]'*'* with the Lagrangian 



(5.15) 



where <I>™, to = 1, 2, ... 16 refers to the scalar fields: U, cr, S,^ ,£.1, , z^ with / = 0, 1, 2, 3 and j = 1, 2, 3. Here the line element 
on 7W3 defines as ds^ia ~ 9mnd^"^d^^^ with the explicit form 

idsXi3 = G^^{z,z)dz'dz^ + dU^ + ]e-*^ida + ^id^^ - £^dii)^ 



-2U 



(5.16) 



5.2.2. The line element as a four-qubit measure 



We have seen that in the 3-D picture the moduli space is the coset A^3 = S0(4, 4)/ SL(2,Il)®^. Due to the presence of 
SL(2, R)**^ which is a subgroup of the real SLOCC group GL(2, R)'^"' one should be tempted to try a four-qubit reformulation 
incorporating all the quantities of the STU model. 

In order to do this note that our coset can be local lv p arametrized by 16 independent quantities. These are the 6 qua ntities 
{xj,yj),j = 1, 2, 3 coming from the scalar fields of (5.2 1, the 8 potentials ^7, the NUT potential 1.105.1 a defined by (5.14i 



and the warp factor U showing up in the metric ansatz of ( |5.7| i. We introduce new quantities 
Then in the Iwasawa parametrization ll32l we can describe our coset by the matrix V 



V = 



Here 



Mr, 



M3 (g) M2 
Ml (g) Mo 



1 —Xc 



-C.9 



a = 0,1,2,3 



(5.17) 



(5.18) 



(5.19) 



A 



^(0) . ^(0) ^(0) . ^(1) 
((0) . ^(1) (^(1) . (^(1) 



(5.20) 



Here the SL(2) x S L (2) invariant • product of two four component vectors is defined with respect to the 4x4 matrix g = e (g) e, 
with e defined as in ( 3.8 1. The 4-component vectors C*^*^' and (^^^ are just the first and third columns of the matrix defined as 



/Coooo Coool Coolo Cooii' 

Coloo Coioi Coiio Com 

ClOOO ClOOl ClOlO ClOll 

VCllOO CllOl ClllO Cllll> 



/-Co Ci o\ 

C2 C' 

C3 C' 

\e c" 0/ 



(5.21) 
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and 1 is the 4x4 identity matrix. 

Using the coset representative V the line element on A^3 is given by the formula 1321110411 



where 



ds^ = Tr(P)2 



P = -{dVV-^ + riidVV-^fri) 



and the involution compatible with our conventions is 



I® I 
-I® I 



(5.22) 



(5.23) 



(5.24) 



Let us introduce a four-qubit state which is a differential form on the symplectic torus determined by the Wilson lines 

I*) = (M3(g)M2(8)Mi(^Mo)|dC)- (5.25) 
Using this we obtain for the line element on A^3 the following form 

dvl 



ds 



Ma 



^dx^j+dy] ^ {dxo-wf 



where = (*|^'), and 



w=-{(:'d~Ci-Ode). 



(5.26) 



(5.27) 



Looking at the expression at (5.25 i we see that |^) is on the real SLOCC orbit of \dC) which determines the orbit type. It is 
useful to embed this real state in a complex state, using the Hadamard gate appearing in (jTTSjl and the phase gate 



P 



i 
1 



by defining 



I*) = {H(E)H(E)H(E)H){P(E)P(E)P(E)P){M3(E)M2(E)Mi(E)MQ)\dC). 



(5.28) 



(5.29) 



Note, this new 4-qubit state is now on the SLOCC, i.e. [GL(2, C)]**^, orbit. It can be shown ll32l that the amplitudes of this state 
depend only on the following four quantities and their conjugates 



So = V2e'^-''x'{NijdC' - dO), £j = 2tV2y,e-"f^ {MijdC' - dCi) 
well known from special Kahler geometry ll24ll25l[T06ll . Here 



(5.30) 



zi - Zi 



(5.31) 



where — {1, zi, Z2, z^)"^ , K — — log(?/i2/2y3) andA//j is defined by ( 5.5[|5.6 i. The line element is then given by, 



ds 



1*1 



0=0 



a=0 



Here Cq, = —dz^ are the right invariant one forms with dzQ = {dxo — w) ~ idyo and dzj = dxj — idyj 



(5.32) 



Notice that according to (5.21 1 the four-qubit state \dQ which determines the orbit type of \^>) is very special. In particular, 
though written in a four-qubit form, it contains merely 8 nonzero amplitudes reminiscent of a three-qubit state. This special 
structure is due to the special status of the fourth SL(2. R), the so cal led Eh lers group f 1071, associated with the fourth qubit. 
Moreover, the only quantities which play any role in \'^) are given by (5.30 1. In order to incorporate the information contained 
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in the right-invariant forms we introduce yet another four-qubit state which already contains all 16 real quantities associated 
to our coset. Neglecting the details [32] this state is given by 



|A) 



A 



(5.33) 



=0,1 



with amplitudes 



^Aoooo Aoool AoolO Aooil> 

AoiOO Apioi Aquo Aqih 

Aiooo Aiooi Aioio Aioii 

^Aiioo Aiioi Aiiio Aiiiiy 



62 £2 £3 63 

63 £3 £2 62 

\-~£i -ei -eo -£qJ 



(5.34) 



This state is of central importance for the considerations of the following sections. It is a complex four-qubit state satisfying the 
reality condition 



|A) = (CTI (g) CTl «) CTl (g) cri)|A), 



CTl 



1 

1 



(5.35) 



where cti is the bit flip gate of quantum information theory. It is straightforward to check that the subgroup of [SL(2, C)]**** 
preserving the reaUty condition is [SU(1, 1)]'*'*. Hence the admissible transformations are of the form 



|A) ^ iS(g>S2(E)Si(g>So)\A), 83,82, Si, So e SU(1,1). 



(5.36) 



The number of algebraically independent [SL(2, C)]**"* invariants is four fl3]| . We have a quadratic, two quartic, and one sextic 
invariant. The structure and geometry of these invariants have been investigated in B6l . Now we observe that the quadratic four- 
qubit invariant |45| for our state |A) is precisely the line element dsj^ 



asj^4 — 



a 



a=0 



(5.37) 



This quadratic invariant is also a permutation invariant. However, the special role we have attached to the first qubit (associated 
with the Ehlers group) obviously breaks this permutation invariance. 



5.2.3. Conserved quantities. A three qubit reformulation. 



Looking at the Lagrangian ( |5.15[ ) we see that the second term describes geodes ic mo tion on the target space A^3 = 
S0(4, 4)/[SL(2, R)]'^'' with line element given by the quadratic four-qubit invariant (5.33 1. For pseudo-Riemann symmetric 
target spaces, such as A^3 — S0(4, 4)/[SL(2, R)]®'', stationary spherically symmetric black hole solutions can be obtained as 
geodesic curves on this target space. See, for example 1 1081 and the references therein. Such geodesic curves are classified 
in terms of the Noether charges of the solutions. Combining these results we can relate different black hole solutions to the 
different SLOCC entanglement classes of four-qubits Il22ll23l[32l . In order to set the stage for reviewing these results lets look 
at the conserved quantities related to the Noether charge Q. 

The 3-dimensiional U-duality group S0(4, 4) of the 8TU model acts isometrically on our coset 7W3 by right multiplication 
and yields a conserved Noether charge II 104M1 0811 1091 



(5.38) 



where P and V are defined by ( 5. 18 1 and ( 5.23 1. An analysis ||32lll04|| of the relevant parts of Q shows that we have the following 
conseved quantities. 



First of all we have the NUT charge 



Pa 



dxo — w 



(5.39) 



Here the notation refers to the fact that when using the relevant part of the Lagrangian this quantity is canonically conjugated 
to = cr. We also have 8 conserved quantities arranged within a conserved four-qubit state |r) defined as 



|r) 



1 



-2(7 



(5.40) 
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with 



J\f = N3(gi N2'Si Ni, 



(5.41) 



Here we also displayed the special role of the qubit corresponding to the Ehlers group, facilitating an effective three-qubit picture. 
The 8 conserved components as amplitudes of a four-qubit state are arranged as 



r = 



V2 



/ p° -pi 0\ 

-p2 (73 

92 

\ qi qq 0/ 



(5.42) 



and are related to the usual charges of the STU model. Comparing with (5.21 1 we see that only the Tikjo amplitudes are nonzero. 
The momenta canonically conjugate to and II 1041 suggest that it is rewarding to introduce the new conserved quantity 

\t) = \T)+pAe(g>im (5.43) 
One can then show that the Hamiltonian governing the dynamics of our 16 fields depending on the conserved charges is 



H 



t\M-^®I\t) 



(5.44) 



a=0 



where Af = Ni(i5 N2® N3. 

For vanishing NUT charge k ^ pc — the second term is 



„2U 



1 



(r|AA-i®/|r) =e2^-(/ qi) 



(5.45) 



which gives th e usua l exp ressio n for the Black Hole Potential Vbh- 

Now using (5.40 1 and (5.43 1 one can express \dQ hence an explicit formula for \'^) the discrete Fourier transformed state 
(|5.29|l can be derived. Using HPM^^^ = VSa^ where 



V 



i -1 
i 1 



5, 



-Xj 1 



J = 1,2,3 



the 3-qubit part of \^) can be written as |^')3 = iy/2\x) where 

\j(}^e^{V<»V<»V){S3<»S2<»Si)\j). 



Here by virtue of (5.43 1 



I7) = (0-3® 0-3(8) cr3)|r) +p^(cri (g)cri (^CTi)IO- 



(5.46) 



(5.47) 



(5.48) 



Equations (5.46 1-( 5.48 1 constitute the final result of our investigations. These expressions show that after performing the 
timelike dimensional reduction of our starting Lagrangian, stationary black hole solutions can be characterized by a complex 
three-qubit state \x) depending on the charges (electric, magnetic and NUT), the warp factor, the mo duli a nd the potentials 
and (■/. For nonvanishing NUT charge the SLOCC class of this state depends on the class of I7) of (5.48 1. If we assume also 
spherical symmetry this class is a function of the radial coordinate. However, for vanishing NUT charge the SLOCC class is 
entirely determined by the constant electric and magnetic charges. Moreover, in this special case a calculation shows that 



IXl 



Vbh 



(5.49) 



i.e. for vanishing NUT charge the Black Hole Potential is given by the norm of the corresponding three-qubit state \ip) obtained 
from \x) after removing the warp factor and putting p^r = in (5.48 1. Notice that though our state |x) is complex it satisfies the 
reality condition 



Xiii 



"Xiio, Xoio 



'Xioi: Xioo 



(5.50) 
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5.3. Static spherically symmetric extremal solutions 

In the next sections we would like to present an entanglement based understanding of weakly extremal solutions of the STU 
model. These are black hole solutions for which the spacial slices provided by the metric hab of (5.7 1 are flat 1103111041 . Single 



centered black holes with spherical symmetry are of this type. In this case the dynamics of the moduli are decoupled from the 
3D gravity and the metric ansatz can be chosen to be of the form 

ds^ = -e^^{dt + w) + e-'^^{dr'^ + r^{de^ + fAn^OdLp) (5.51) 

with the warp factor depending merely on r. It can be shown that now the equations of motion are equivalent to light-like 
geodesic motion on with the affine parameter t — K We have seen that due to the fact that A^3 is a symmetric space there 
is a number of conserved Noether charges associated with this geodesic motion. The most important ones are the electric and 
magnetic charges and qi and the NUT charge k [il04lll08iri09J . Static solutions are characterized by the vanishing of the 



NUT charge i.e. fc = 0. In this case the dynamics is described by the Lagrangian (or equivalently by the Hamiltonian of (5.44 1) 



of a fiducial particle in the black-hole potential Vbh of (5.45 i 



with the constraint 



duy 

It J 



du 

d7 



dr dr 



Gna 



dz" dz" 
dr dr 



e^^VBH{z,z,p, q) 



e^^VBH{z,z,p,q) = 0. 



(5.52) 



(5.53) 



Notice that the latter is just about the vanishing of the Hamiltonian of (5.44 1. Equivalently, the line element (5.32 1 is vanishing. 
This is just another way of saying that our black hole solutions give rise to a light-like geodesic motion on A^3. According to 



(5.37 1 our constraint is also equivalent to the vanishing of an entanglement measure for the four-qubit state of (5.33 i. 

Later we wiU need an alternative expression for Vbh that can be given in terms of the central charge of M = 2 supergravity 

mmni 



Vbh^ZZ + G'^{D,Z){D^Z) 

where for the STU model JTO) 

Z = e^/'^W = e^/^{qo + ziqi + ^292 + 2393 + ZiZ2Z3p^ - 
Da is the Kahler covariant derivative 



Z2Z3P 



Z1Z3P 



^ ZlZ2P^), 



(5.54) 



(5.55) 



D^Z = (9, + -d,K)Z 



(5.56) 



and W is referred to as the superpotential. 

Extremization of the effective Lagrangian ( 5.52 1 with respect to the warp factor and the scalar fields yields the Euler-Lagrange 
equations 



U = c'^^Vbh. 



■i' + T]kz'z'' ^e^^d'VBH- 



(5.57) 



In these equations the dots denote derivatives with respect to r = ^ . These radial evolution equations taken together with the 
constraint (5.53 1 determine the structure of static, spherically symmetric, extremal black hole solutions in the STU model. For 
the more general stationary case with nonvanishing NUT c harge (k 7^ 0) the motion along C,^ , Q and a does not decouple from 
U and . In this case we obtain a generalization of (5.57 1. We will not consider solutions of such kind hence we will not give 
the corresponding equations here. 

We conclude that the radial evolution associated to stationary spherical symmetric black hole solutions of the D = 4 STU 
model can be described as geodesic motion in the moduli space Ad^ of the time -like reduced D — 3 theory. The four-qubit pic- 
ture hinges on the enlargement of the _D = 4 symmetry [SL(2, IR)]*^^ to the D = 3 symmetry SO (4 , 4) c ontaining [SL(2, IR)]*^** 
as a subgroup. We are now in a position to see how the entanglement encoded in our state |A) of (5.33 1 helps to classify static 
spherically symmetric extremal single-centre black hole solutions in the STU model. 
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5.4. Black hole solutions as entangled systems. 

5.4.1. BPS solutions 



Let us consider the four-qubit state |A) of (5.33 1. In this subsection we will be interested in the sufficient and necessary 
condition for the separability of its first qubit, labelled by gq in (5.33 1. From our previous considerations it is clear that this 
qubit has a special status. In quantum information theoretic terms separability of this qubit is equivalent to the condition that the 
(unnormalized) 2x2 reduced density matrix gi = Tri|A) (A| represents a pure state. This density matrix is of the form 



01 



(AolAo) (AolAi; 
(AilAo) (AilAi; 



(Aao|Aa„/ 



E 

a3,a2,ai— 0,1 



(5.58) 



This is a pure state if and only if Detpi = 0. Equivalently this condition is satisfied iff Aa3a2ai0 = ^Aa3a2aii- By virtue of the 
reality condition of (5.35 1 we also have the constraint |A| = 1. Using the definitions in (5.34i this means that 



£q — Aeo, 



£i — Ae," 



|A| = 1. 



(5.59) 



Clearly now the constraint of (5.53 1 is satisfied, equivalently the quadratic four-qubit invariant is vanishing. A calculation also 
shows that actually all of the four-qubit invariants are vanishing |32|. Such states are called nilpotent. It can be shown that such 
states gives rise to a Noether charge Q of ( |5.38| l which is a nilpotent matrix. 

In order to link these considerations to the usual BPS black hole solutions we choose A as 



A 



(5.60) 



In the language of supergravity the above condition on separability correspondes to the existence of KilUng spinors characterizing 
supersymmetric solutions BI04I . These considerations give rise to the well-known attractor flow equations Il24lj26l II041 



U = -e^\Z\ 



(5.61) 



These first order equations imply that the corresponding second order equations of ( |5.57 1 also hold. 

Note, for weakly extremal solutions to be also extremal we also have to ensure that the solutions are smooth. To ensure this 
one must fine tune the boundary conditions at spatial infinity so that the fiducial particle reaches the top of the potential hill 
defined by Vbh in infinite proper time and with zero velocity. In our case an analysis of the first order equations ( |5.61 1 shows 
that this indeed can be achieved 11 131. 



From this analysis we have learnt that the condition of separability for the first qubit for the four-qubit state | A) taken together 
with the special choice of (5.60i yields the first order attractor flow equations. Moreover, in this case |A) is a nilpotent state. 
This property of | A) is related to the well-known nilpotency of the Noether charge Q I1104III081|I09| . An analysis of the explicit 
form of these solutions will be given in Section 5.6.2. 



5.4.2. Non-BPS solutions 



As our first example of non-supersymmetric solutions let us discuss the separability properties of |A) associated with the 
remaining three qubits not playing a distinguished role. Here we chose to consider separability of the fourth qubit. An argument 
similar to the one as given in the previous subsection shows that the sufficient and necessary condition of separability for this 



qubit is that the first row of (5.34 1 is proportional to the third and the second is proportional to the fourth. Due to the reality 
condition we again have | A | = 1 and we get 



Using the definitions of ( |5.30| l these conditions take the explicit form 

Ae^Za, — =Ae^Zi, 



£h 



yo 



yi 



y2 



Z3 



'Aeo. 



(5.62) 



(5.63) 



where Zj = DjZ as given by (5.56 1. Now for static solutions we again have no twist potential, xq = 0, hence by choosing 



(5.64) 
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we get 



C/ = -e^|Z, 



al- 



es .65) 



These expressions show that demanding separability for the fourth qubit taken together with the choice of ( |5.64| l yields the first 
order equations characterizing attractors with vanishing central charge II114I . 

Clearly similar considerations apply for issues of separability for the second and third qubits. The result will be similar sets 
of equations with {Z^l replaced by \Zi\ and \Z2\- This amounts to taking different forms for the so-called fake superpotential 
Il04|. Calculations again show that the four algebraically independent four-qubit invariants are zero, hence our considerations 
on the nilpotency of | A) familiar from the previous subsection still apply. 

Let us now discuss a non-BPS solution with non-vanishing central charge. Obviously the vanishing of the quadratic four-qubit 
invariant i.e. the ( 5.53| l constraint can be satisfied in a number of different ways. Explicitly, 



Q = 



3 

a=0 



(5.66) 



For static solutions we have akeady remarked that eo — cq, hence for BPS solutions (5.59l-(5.60l can be written in the form 
£a = Agq, i.e. £a is related to via a special element of U(4) containing only phase factors A in its diagonal. In the case of 
non-BPS solutions with vanishing central charge these elements of U(4) are just permutation matrices combined with similar 
phase factors and their conjugates. This structure is related to the separability of one of the qubits in the state |A). 

In order to obtain states | A) which are entangled and at the same time give rise to static spherically symmetric non-BPS black 
hole solutions with non-vanishing central charge let us consider the following choice 




(5.67) 



Due to the unitarity of the relevant matrix (5.66 1 is satisfied moreover, one can show that none of the qubits can be separated 
from the rest. However, we still have to satisfy the equations of motion ( |5.57| l. Let us illustrate that the choice of ( |5.67| i indeed 
gives rise to a solution of the latter equations. This solution is the non-BPS seed solution 111 151 . First recall the definition of the 
three-qubit state |x) of (5.47 1 and denote the state with fc = p^r = by Then employ a discrete Fourier transformation. 



\x{t)) = {H®H®H)\x{t)). 
Now one can check that the amplitudes of x can be related to the derivatives of the moduU as 



(5.68) 



Xooo = -z 



2 2/o' 



XllO — 7) 



i xi 

2m' 



Xioi — ^ 



i X2 



Xoii — X 



2y3' 



(5.69) 
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(5.70) 



where the remaining amplitudes are given by a cyclic shift of the + sign. For static solutions we have vanishing NUT charge 
and Xo = hence the first of these equations reads xooo — 0. Writing out explicitly the amplitudes Xjfei in terms of the moduli, 
warp factor and the charges this constraint implies p° — 0. Hence our candidate for a non-BPS solution should have only seven 
nonvanishing Fourier amplitudes and vanishing p° charge. 
Let us now introduce the notation 



2/0 = 6'^", 2/J=e^^ 
with and j — 1,2,3. Now our equations take the form 



a. 



(5.71) 



Xiii 
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Xioi 
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(5.72) 



Xooi 



-(di - a2 - ds), 



Xoio 



-(q!2 - da - di), 



Xioo 



(ds - di - d2). 



(5.73) 
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With the further charge constraints qj = 0, qq < 0, and p^jp^jp^ > one can see that the equations above are precisely the 
ones found in the paper of Gimon et.al. Ml 151 characterizing the seed solutions for the so-called DO — DA system. We remark in 
closing that one can also verify by an explicit calculation that all of the four algebraically independent four-qubit invariants are 
again vanishing. This means that the corresponding matrix Q of conserved charges is again nilpotent. 

Let us give a brief summary of our results. The central object of our considerations was the complex 4-qubit state |A), 
satisfying a reality condition. The amplitudes of this state of odd parity contain the right invariant one-forms e^, a = 0, 1, 2, 3. 
On the other hand the 8 amplitudes of even parity are related to the 8 amplitudes of a 3-qubit state We have shown that the 
state I A) is connected to the line element on M.^. We also realized that this expression for the line element is just the quadratic 
4-qubit SL(2, C) invariant. After expressing the 8 amplitudes of the embedded 3-qubit state in terms of the conserved electric, 
magnetic and NUT charges this invariant also has the physical interpretation as the extremality parameter 

Note that one of the qubits of the state |A) was special. The separability properties of this special qubit are related to the 
solution being BPS or non-BPS. We demonstrated within our formalism that static, extremal BPS and non-BPS-solutions with 
vanishing central charge correspond to states for which one of the qubits is separable from the rest. On the other hand using 
the non-BPS seed solution for nonvanishing central charge we have shown that |A) in this case is entangled. We revealed 
a connection between the classification of nilpotent states within the realm of quantum information theory and the similar 
classification of nilpotent orbits. The details of this connection will be explored further in the next section. 



5.5. Four-qubit entanglement from string theory 



In the proceeding section it was shown how the time-like reduced STU model may be naturally related to a four-qubit system, 
rephrasing various important features of the black hole solutions in quantum information theoretic terms. In particular, certain 
BPS and non-BPS spherically symmetric black hole solutions were related to (partially and totally) entangled four-qubit states. 
Here, developing this correspondence, we will describe how the classification of all extremal, both single-centre and multi-centre, 
black hole solutions provides a complete characterisation of the four-qubit entanglement classes. 

The extremal black hole solutions are determined by the nilpotent orbits of the 3 -dimensional U-duality group II1041 11081 
11091 II 16l II 1711 . The nilpotent orbits are then related to the four-qubit entanglement classes through the Kostant-Sekiguchi 
correspondence ll22l l23l [32l II 181 II 19L Using these tools we find that there are 31 four-qubit entanglement families, which 
reduce to 9 under permutations of Alice, Bob, Charlie and Dave in agreement with the quantum information and mathematical 
hterature II120II121I . 

An interesting new feature, first treated in M1221 11231 . of the four-qubit correspondence, which goes beyond the three-qubit 
case, is the appearance of interacting multi-centre black hole solutions as will be described below. 

Although two and three qubit entanglement is well-understood (see e.g. |fT4ll ). the literature on four qubits can be confusing 



and seemingly contradictory, as illustrated in Table I This is due in part to genuine calculational disagreements, and in part to 



the use of distinct (but in principle consistent and complementary) perspectives on the criteria for classification. 



TABLE I: Various results on four-qubit entanglement. 



Paradigm Author Year Ref result mod perms result incl. perms 





Wallach 


2004 


11241 




7 






90 






Lamata et al 


2006 


1125J 


8 genuine, 




5 degenerate 


16 genuine, 




1 8 degenerate 


classes 


Cao et al 


2007 


fT26l 


8 genuine, 




4 degenerate 


8 genuine, 




15 degenerate 




Li et al 


2007 


fT27l 




7 




> 31 genuine, 




18 degenerate 




Akhtarshenas et al 


2010 


fT28l 




7 




1 1 genuine, 




6 degenerate 




Buniy et al 


2010 


fT29l 


21 genuine, 




5 degenerate 


64 genuine, 




1 8 degenerate 




Verstraete et al 


2002 


I120J 




9 






7 




families 


Chterental et al 


2007 


|12il 




9 






7 






String theory 


2010 


L22J 




9 
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On the one hand, there is the "covariant" approach which distinguishes the SLOCC orbits by the vanishing or not of 
[SL(2,C)]®" covariants/invariants. This philosophy is adopted for the 3-qubit case in [14,, ,331. The analogous 4-qubit case 
was treated, with partial results, in lITJOl . 

On the other hand, there is the "normal form" approach which considers "families" of orbits. An arbitrary state may be 
transformed into one of a finite number of normal forms. If the normal form depends on some of the algebraically independent 
SLOCC invariants it constitutes a family of orbits parametrised by these invariants. On the other hand, a parameter-independent 
family contains a single orbit. This philosophy is adopted for the 4-qubit case in H201 11211 . There are four algebraically 
independent SLOCC invariants 013OI . Up to permutation of the four qubits, these authors found 6 parameter-dependent families 
called G abcd, Labc^, La^^^, iaaOsei' -^a&a' and 3 parameter-independent famihes called LoaeiOaei' ^053,3, ^o^ei' see 
ITable III 
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TABLE II: The 9 ways of entangling four qubits 

Verstraete/Chterental 



Family 



Representative state 



Gabad (loooo) + jllll)) + ^ (ioou) + looii)) + ^ (loioi) + llOlO)) + ^ (loiio) + llOOl)) 

Laba2 ^ (lOOOO) + lllll)) + ^ (lOOll) + lOOll)) + c (lOlOl) + llOlO)) + jOllO) 

La2b2 a(|0000) + lllll)) + b(|0101) + |1010)) + |0110) + |0011) 



a(|0000) + jllll)) + ^ (lOlOl) + |1010)) + ^ (10110) + |1001)) + 
^ (10001) + jOOlO) + 10111) + jlOll)) 



La* a(|0000) + 10101) + 11010) + lllll)) + ilOOOl) + lOllO) - illOll) 
I/ajOggji a (10000) + lllll)) + 10011) + 10101) + lOllO) 

Lo.^s 10000) + jOlOl) + 11000) + 11110) 

Lo^g,! 10000) + 11011) + 11101) + 11110) 

io3^i03ei 10000) + 10111) 

To illustrate the difference between these two approaches, consider the separable EPR-EPR state (|00) + |11)) <S) (|00) + |11)). 



Since this is obtained by setting b — c — d — Oin Table II it belongs to the Gated family, whereas in the covariant approach 
it forms its own class. Similarly, a totally separable A-B-C-D state, such as |0000), for which all covariants/invariants vanish, 
belongs to the family Labc2^ which however also contains genuine four-way entangled states. These interpretational differences 
were also noted in 1 125J . As we shall see, our black hole perspective lends itself naturally to the "normal form" framework. 

In order to relate the extremal BH solutions to the entanglement classes of four qubits, we invoke the aforementioned Kostant- 
Sekiguchi theorem 11 18111 19l . By applying the Kostant-Sekiguchi correspondence to the Cartan decomposition, 

so(4,4) =4s[(2)® (2,2,2,2) (5.74) 

one can state that the nilpotent orbits of S0o(4, 4) acting on its adjoint representation, which classify the extremal black hole 
solutions, are in one-to-one correspondence with the nilpotent orbits of [SL(2, C)]^ acting on its fundamental (2, 2, 2, 2) repre- 
sentation and, hence, with the classification of 4-qubit entanglement. Note furthermore that it is the complex qubits that appear 
automatically, thereby relaxing the restriction to real qubits (sometimes called rebits) that featured in earlier versions of the 
BH/qubit correspondence. 

It follows that there are 31 nilpotent orbits for four qubits under SLOCC ll22ll . For each nilpotent orbit there is precisely one 
family of SLOCC orbits since each family contains one nilpotent orbit on setting all invariants to zero. The nilpotent orbits 



and their associated families are summarized in Table VIII |22|, which is split into upper and lower sections according as the 



nilpotent orbits belong to parameter-dependent or parameter-independent families. 



5.5.1. Extremal black hole solutions and nilpotent orbits 



In section 5 5.3 we saw how one can study the stationary black hole solutions of the STU model by performing a time-like 
dimensional reduction. The intuition is that since a strictly stationary spacetime by definition admits an everywhere time-like 
Killing vector it can be dimensionally reduced to a 3-dimensional field theory. Solutions of the 3-dimensional theory then up-lift 
to stationary solutions of its 4-dimensional parent theory, providing the ideal framework for the study of stationary 4-dimensional 
black holes, as first demonstrated to great effect in II102II . 

For 4-dimensional supergravity theories with scalars (f) living in a symmetric space A^4 = G^jH^, where G4 is the U-duality 
group and its maximal compact subgroup we can exploit these group-theoretic structures to systematically characterise the 
various classes of stationary black holes. Note, this includes all supergravity theories with M > 2 and a large class of 7V^ = 2 
theories, including the Einstein-Maxwell theories such as the STU model. 
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Performing a time-like reduction of such models leads to a theory of 3-dimensional gravity coupled to the 3-dimensional 
scalars $ through a nonlinear sigma model described by the Lagrangian, 

C = -]^VhR[h] + .g„„a''$"9''*"/iafc. (5.75) 

The scalars $ come not only directly from the 4-dimensional scalars, but also the metric and the 3-dimensional gauge fields 
after dualization, which in turn originate from both the metric and the 4-dimensional gauge fields. This procedure is described in 
detail for the STU model in section 5 5.3 Einstein's equations and equations of motion for the scalar fields derived from ( |5.75[ ) 
are given respectively by, 

Rab - \habR = SmnSa*"^;,*" - \hab9mndc^'^ '^^ (5.76) 



and 



VaV°$™ + r™ C)a$"a"$?' = 0. (5.77) 

The 3-dimensional scalars $ parametrize a pseudo-Riemannian symmetric space M.^ — Gs/H^, with line element given by the 
scalar manifold metric gmn. Here, G3 is the 3-dimensional U-duality group and is the maximally non-compact real form 
of i73(C), the complexification of the maximal compact subgroup H3 C G3. If we had perform instead a space-like reduction 
we would have obtained the Riemannian symmetric space 7W3 — Such a model may be described in terms of a coset 

representative V £ G^/H^, 

V^gV, geGs, V^Vh{<i>), h€H;, (5.78) 

containing all the scalar degrees of freedom, as well as the three-dimensional metric hab, which caiTies no physical degrees of 
freedom in three dimensions. 

The Maurer-Cartan form V^^dV decomposes as, 

V-^dV = P + B, P = Padx" G p, B = Badx" G fjg, (5.79) 

where 



03 = t)S®P, (5.80) 

and 03, f) 3 denote the Lie algebras of G3, H'^, respectively. 

In this language the Einstein equation and the scalar equations of motion are respectively given by, 

Rab - ^habR = Tt PaPb, d*P+[B,^P]^0 (5.81) 

and the Bianchi identity gives 

dB + B'^ = -P'^, dP+[B,P]^0. (5.82) 

A few lines using the above shows 

d*VPV-^^0, (5.83) 
so we have a 03 valued Noether current ★VPV^^, which for a 2-cycle E defines a 93 valued Noether charge matrix. 



(5.84) 



Restricting our attention to weakly extremal solutions, i.e. assuming the 3-dimensional spatial shce to be flat, from ( |5.76| i we 
have, 

ffmn^a'&^Sb*" = 0, (5.85) 

or equivalently, 



TvPaPb^O, 



(5.86) 
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so the moduli decouple from gravity. With these restrictions the solutions correspond to harmonics maps from R^/ {xa} to A^3, 
where the xa,A — 1, . . . ,k correspond to a finite set of removed points. 

Further imposing spherical symmetry, focusing on single-centre solutions, the scalars will depend only on the radial coordinate 
and solutions to ( |5.85[ ) are given by null geodesies in 1 102 1. In this case the Noether charge Q E Q3 given in ( |5.84| i will be 
nilpotent. In general, an element X e End(y), where is a finite dimensional complex vector space, is said to be semisimple if 
its eigenvectors form a basis for V, in which case it is diagonalizable. An element X is said to be nilpotent if X" = for some 
finite n. This definition naturally applies to the adjoint representation of Lie algebras, 

ad : g End(0); X adx where adxF:=[X,y]. (5.87) 

An element X G g is semisimple (resp. nilpotent) if adx is a semisimple (resp. nilpotent) endomorphism. Then the Jordan 
Decomposition theorem says for any X e End(y) there exits a unique commuting pair € End(y) such that X = 

Xg + Xn, where Xg is semisimple and X„ is nilpotent. 

A solution corresponding to a given null geodesic is precisely determined by the nilpotent conserved charge Q III08lll09llI 161 . 
Since V n- gVh and P i-)- h^^Ph under U-duality, the Noether charge transforms according as Q h- > gQg~^- Consequently, 
the physically distinct weakly extremal black hole solutions are classified in terms of the adjoint orbits, 

Oq ^ G3 ■ Q := {gQg-' \ g e G3} , (5.88) 

for Q nilpotent II109II1161 . We will refer to these simply as the nilpotent orbits of G3. Moreover the scalar momentum P will 
lie in the intersection of Oq with the Lie algebra component p. 

To summarise, the single-centre extremal black hole solutions are in one-to-one correspondence with the nilpotent orbits 
of 6*3. Well not quite, one must still pay due diligence to the regularity of the solutions. A weakly extremal solution is not 
necessarily a smooth extremal solution. In particular, it was recognised in II131I that regularity places a constraint on the degree 
n of nilpotency of Q, i.e. the smallest n such that [adg]" — 0. This is a subtle matter in general, but for our case of interest, the 
STU model, it turns out we require Q'^ — Q II109I . where Q lies strictly in p, which is the case for asymptotically flat solutions 
since V goes to identity in the asymptotic limit. 

Dropping the assumption of spherical symmetry we return to the case in which the stationary solutions correspond to har- 
monics maps from R'^/{xyi} to A^3 and the scalars depend on generically on IR-^. In order to study the extremal multi-centre 
solutions it was assumed in II117I that the cycles S defining the Noether charges are characterised by the black hole centres xa 
they enclose. In particular, the Noether charge Qa associated to a cycle enclosing a single centre at xa is characterised by the 
pole of -kVPV^^ at X = xa- Since the presence of other centres modifies the horizon geometry of a given centre by subleading 
corrections, regularity requires the associated Noether charge to satisfy the single-centre constraint 111 171 . that is Q\ = for all 
A. 

However, the crucial observation made in 111 171 is that, while the individual centres must satisfy Q\ — 0, the Noether charge 
Q of a cycle E/ enclosing a set of centres xaiA & I, which is given by, 

Q = ^Qa, (5.89) 

A 

need not be of nilpotency degree 3. It is then reasonable to anticipate that the nilpotent orbits which have nilpotency degree too 
high to accommodation regular single-centre black holes do support regular multi-centre solutions, where each centre individ- 
ually falls into one of the well-defined single-centre orbits. For the STU model this is explicitly shown to be the case in 111 171 
and has recently been extended to A/^ = 8 supergravity in 111321 . We will briefly describe some the features of the STU solutions 
in the following sections. 



5.5.2. Nilpotent orbits 0/ SO (4, 4) 



As described in 



section 5 5.3 the STU model has = S0(4, 4)/ SL(2, K,)'^"'. Here we summarise the structure of the 



nilpotent orbits of the identity component S0o(4, 4). 

The classification of nilpotent orbits is a rather elegant and well developed subject. We will not describe here the general 
theory of the orbit classification, but interested reader can refer to 11191 11331 . We will merely present the results and their 
labelling for the relevant case of 0(p, q), where p + q = n. 

The nilpotent orbits of 0{p, q) may be labelled by "signed Young tableaux" (sometimes referred to as ab-diagrams in the 
mathematical literature). A signed Young tableau for 0{p, q) is an n box Young tableau whose boxes filled with signs +/— such 
that; 



L The signs alternate along the rows. 
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2. The total number of +'s must be p. 

3. Rows of even length must come in pairs such that if one row starts with "+" the other row starts with "— ". 

Two such diagrams are equivalent if they may be related by row permutation. There is precisely one nilpotent orbit of 0(p, q) 
on so(p, q) for each equivalence class of signed Young tableaux. 

Since the identity component SOo(p, (?) has index 4 in 0(p, q), for each nilpotent 0(p, q) orbit there may be either 1, 2 or 4 
nilpotent SOo(p, q) orbits. This number is also determined by the corresponding signed Young tableau. If the middle sign of 
every odd length row is "— " ("+") there are 2 orbits and we label the diagram to its left (right) with a / or a //. If it only has 
even length rows there are 4 orbits and we label the diagram to both its left and right with a J or a //. If it is none of these it is 
said to be stable and there is only one orbit. 



Following these rules for our case of SOo(4,4) we find 31 labelled signed Young tableaux as given in Table VIII The 
corresponding to the 31 nilpotent orbits are presented in the same table. The closure ordering of the orbits is given in Figure 8 

The Kostant-Sekiguchi correspondence II118I I1191 then implies that the nilpotent orbits of S0o(4, 4) acting on the adjoint rep- 
resentation 28 are in one-to-one correspondence with the nilpotent orbits of [SL(2, C)]** acting on the fundamental representation 
(2, 2, 2, 2) and hence with the classification of four-qubit entanglement II192I . 



5.5.3. Extremal black holes and entanglement classes. 

We are now in a position to summarise the single-centre/multi-centre black hole solutions of the STU model and their 
corresponding four-qubit entanglement classes. The details of the orbit classification and the black hole solutions may be found 
in the original references ll70l[T04l[lMl[T09l[TT6l[n7l[TT9l[T34UT39| . The explicit mappings to the four-qubit entanglement 
classes via the Kostant-Sekiguchi correspondence may be found in B122I . The 31 classes reduce to 9 under the permutation of 
the qubits, as described in [23 1. These 9 classes of orbits split into two: those for which the orbits have dimension less than 
20, which admit regular single-centre solutions, and those for which the orbits have dimension 20 or greater, which only admit 



regular multi-centre solutions. The basic structure of the orbit classification is presented in Figure 7 

The trivial nilpotent orbit corresponds to the family of purely semi-simple states Gabcd, which are identically zero for all the 
four-qubit invariants set to zero. Equally, the non-trivial black hole solutions in this orbit are by definition non-extremal and are 
not treated here. 

The supergravity interpretation of the SOq (4, 4)-nilpotent orbits of dim^ ^ 18 (corresponding to single-centre solutions) 
considered below is based on the embedding of the STU model in Af = 8, D = A supergravity discussed e.g. in |79|. This 
amounts to identifying the JV = 2 central charge, introduced in ( |5.55[ ), and the three associated "matter" charges with the four 
skew-eigenvalues Zi (i — 1, 4 throughout) of the J\f — 8 central charge matrix as follows L79lil401 



Z = Zi, ^Jg^'WsZ = iZ2; \|g*^^D^Z = iZ^; g'^^-D^Z = iZ^. (5.90) 

Thus, the effective BH potential Vbh^ its criticality conditions or, equivalently, the attractor equations, and the quartic invariant 
/4 = —D{tf:) of Af = 2, D = 4 STU model can be traded for the ones pertaining to maximal supergravity, respectively reading 
lEIllTllEI]: 

Vbh = (5.91) 

i 

O^Vbh = 0^ Z,Zj + Z^i = 0,\/i^j^k^ I; (5.92) 
h - 5]|Z/-2^|Z,nZ,f +4|[]Z, + []Z^J . (5.93) 

i i<j \ i i / 

Note, the central charge Zi = Z is on a different footing to the matter charges Z2, Z^, Z4 for the STU model, while they are all 
equivalent from the Af — 8 perspective. 

Here we summarise the black hole solutions and their associated entanglement classes. They are grouped into the three broad 
classes of small, large and multi-centre. Each orbit is labelled Odimm- where dimj^ is the real dimension of the orbit. 

Small black holes and totally/partially separable four-qubit states. 



34 



Almost-BPS 

Four-way entangled (pure nilpotent family) 
Dimension 24 (principal nilpotent orbit) 



Composite non-BPS 
Four-way entangled (pure nilpotent family) 
Dimension 22 (subregular nilpotent orbit) 



1 Composite multi-centre 
Four-way entangled 
Dimension 20 




Large non-BPS space-like 
Four-way entangled 
Dimension 18 



Large y2(non)-BPS time-like (single/multi-centre) 
A-GHZ biseparable (pure nilpotent family) 

Dimension 18 



Small /2(non)-BPS light-like 
A-W biseparable 
Dimension 16 



Small y2(non)-BPS critical 
A-B-EPRtriseparable 
Dimension 12 



Small /2-BPS doubly critical 
A-B-C-D separable 
Dimension 10 (minimal nilpotent orbit) 



Non-extremal 
semi-simple 

Dimension (trivial nilpotent orbit) 



FIG. 7: Basic structure of the orbit classification with orbit dimension, black hole class and entanglement properties 
the horizontal line the orbits only admit regular multi-centre solutions 111 171 . 



Above 
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a. Oiq: A-B-C-D and doubly-critical \-BPS black holes. There is a unique orbit in this class, given by the unique 
unlabelled signed Young tableaux 



(5.94) 



The doubly-critical ij-BPS orbit comprises of small single-centre single-charge black holes with vanishing classical entropy 
f89J . The scalar fields take constant values along the attractor flow. The uniqueness of the doubly-critical 5 -BPS orbit was 
explained in II138L The permutation invariance and uniqueness may be understood in terms of the conditions on dressed charges 
defining the solution ||23| . 



|Zi|^ = |Z2|' = |Z3|' = |Z4|': 



(5.95) 



ZiZj -~ ZuZi ^ 0^ \fi ^ j ^ k ^ I, 



which are themselves permutation invariant. 

The corresponding four-qubit entanglement class given by Kostant-Sekiguchi is the totally separable A-B-C-D states with 
permutation invariant representative state. 



10000). 



(5.96) 



This class belongs to the entanglement family Labc2 ■ Ths uniqueness of the Young tableau is reflected in the invariance of the 
A-B-C-D class under the four-qubit permutation group. 

b. O12: A-B-EPR and critical ^-BPS/non-BPS black holes. This class has six distinct S0o(4, 4)-orbits, given by the six 
(labelled) signed Young tableaux. 





+ - 


+ 


- + 








+ 










+ 








± 








+ 


± 








+ 
















+ 


+ 













I, II 



(5.97) 



This class gives the critical ^-BPS/non-BPS orbits which comprises of small single-centre two-charge black holes with van- 
ishing classical entropy. This set of solutions may be defined in terms of an [SL (2, IR)]^ -invariant set of constraints ll23ll89lfT42l : 

-2 



2Z,Z, -2Z,^|Z,f + 4[]Z, =0, i = 1,2,3,4. 

This set of contraints is manifestly invariant under cyclic permutations of the index j 7^ i. 
The four constraints ( |5.98| l admit six representative solutions |23|: 



(5.98) 



' I : 


Zi 


= = 


Z2, 


Z3 


= ^4^0; 


II : 


Zi 


= = 


Z3, 


Z2 


= Zi^O- 


III : 


Zi 


= = 


Z4, 


Z2 


= ^3 0; 


IV : 


Z2 


= = 


Z3, 


Zi 


= ^4 7^ 0; 


V : 


Z2 


= = 


Z4, 


Zi 


= ^3^0; 


, VI: 


Z3 


= = 


Zi, 


Zi 


= Z2^0, 



(5.99) 



These spHt into three non-BPS solutions {I, II, III} with Zi = and three 1/2-BPS solutions {IV, V, VI} with Zi ^ 0. Each 
of the six representative solutions are related under the permutations. To understand the relationship with the signed tableaux in 
( |5.97| i we can define the sets: 



{Zi — Zi^i — 0, Zi^2 — Zi^3 7^ 0}; 



{z. 



-'i+2 



0,Z,+i = Z,+3^0}, 



(5.100) 



which correspond to {I, III, IV, VI} and {II, V} respectively. These two sets are given by the two distinct types of Young 
tableaux. Embedding the STU model in the 7V^ = 8 the four Zi are all put on the same footing and each orbit is identified, 
yielding a single class of critical two-charge 1/4-BPS black holes. 
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The corresponding four-qubit entanglement classes given by Kostant-Sekiguchi are the six possible A-B-EPR type configu- 
rations, where one pair of qubits forms a Bell state while the remaining two are separable, 



|00) (E) (|00) + 111)). 



(5.101) 



There are six such classes corresponding to the six possible entangled pairs. These classes belong to the entanglement families 
of type La2b2 - Clearly these six classes collapse into a single class under the four-qubit permutations. 

c. Oig." A-W and light-like ^-BPS/non-BPS black holes. This class has four distinct S0o(4, 4)-orbits, given by the four 
(labelled) signed Young tableaux. 



(5.102) 



This class gives the light-like i-BPS/non-BPS orbits which comprises of small single-centre three-charge black holes with 
vanishing classical entropy. This set of solutions may be defined in terms of an [SL (2, R)] ^-invariant set of constraints on the 
central/matter charges 1,231 [89l [1421 : 



4 +n^^ 



0. 



(5.103) 



This set of constraints is manifestly invariant under cyclic permutations of ^1,^2,^3, Z4. 

The constraint ( 5.103[ ) admits four representative solutions 1 23 1 , each corresponding to one of the four labelled Young tableaux 
in ( |5.102| i. These split into three non-BPS solutions and one 1/2-BPS solution, according as the particular properties of the 
central/matter charges. See |23 1 for details. Each of the four representative solutions are related under the permutations. Again, 
embedding the STU model in the Af = 8 theory the four Zi are all put on the same footing and each orbit is identified, yielding 
a single class of light-like three-charge 1/8-BPS black holes. 

The corresponding four-qubit entanglement classes given by Kostant-Sekiguchi are the four possible A-W type configurations, 
where three of the qubits are in the totally entangled W state while the remaining one is separable. 



|0) «) (|001) + |010) + |100)). 



(5.104) 



There are obviously four such classes corresponding to the four possible choices of separable quit. These classes belong to the 
entanglement families of type L^^^q^^j. These four classes collapse into a single class under the four-qubit permutations. 
Large black holes and three-way/totally entangled four-qubit states. 

d. Oisa- A-GHZ and time-like ^-BPS/non-BPS black holes. This class has four distinct S0o(4, 4)-orbits, given by the 
four (labelled) signed Young tableaux. 




(5.105) 



This class gives the time-like |-BPS/non-BPS orbits which comprises of the large single-centre four-charge black holes with 
non-zero classical entropv ll23l[8^IT34l[T42l . 



(5.106) 



where ip is the three-qubit state built out of the 4-dimensional electromagnetic charges as in ( |2.7| i. Here, Cayley's hyperdetermi- 
nant is constrained to be negative D{tlj) < 0, or equivalently I4 > 0. 

The four orbits correspond to the four classes of representative solution to the constraints ZiZj + Z^ Zi = 0, Vi j k ^ I 
andZ4 > given by E3ll89l fT34lfT42l . 



Z, ^ 0, Z, =Zk = Zi=0, Vi^j^k^ I. 



(5.107) 



As explained in II 1041 1 1341 [1381 there just is one 1/2-BPS S0o(4, 4)-orbit given by the case Zi ^ 0, which is on a different 
footing from the STU perspective to the remaining three possibilities. These are indeed all non-BPS, but actually fall into two 
separate classes as explained in |[23lll34L 
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Embedding these solutions in the = 8 theory they become equivalent and correspond to a single class of 1/8-BPS large 
black holes. 

This class also includes the interacting 1/2-BPS multi-centre solutions first discovered by Bates and Denef 111 171 11431 11441 . 
where every centre is individually 1/2-BPS. Accordingly, this orbit is referred to as the "Denef" system in fl 17]. 

The corresponding four-qubit entanglement classes given by Kostant-Sekiguchi are the four possible A-GHZ type configura- 
tions, where three of the qubits are in the totally entangled GHZ state, with non-zero three-tangle tabc 7^ 0, while the remaining 
one is separable. 



|0) ® (-1111) + |001) + |010) + |100)). 



(5.108) 



There are obviously four such classes corresponding to the four possible choices of separable qubit. These classes belong to the 
entanglement families of type LoggjOg^gj • This is a pure single nilpotent orbit in the sense that all four algebraically independent 
SLOCC invariants are identically zero for the normal form. These four classes collapse into a single class under the four-qubit 
permutations. 

e. Oisb-' Genuine four-way entanglement and space-like non-BPS black holes. There is a unique orbit in this class, given 
by the unique unlabelled signed Young tableaux 
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± 





(5.109) 



This class gives the space-like non-BPS solution which comprises of the large single-centre four-charge black holes with 
non-zero classical entropy l|23ll89l[T34l[T42l . 



where Cayley's hyperdeterminant is now constrained to be positive D{tp) > 0, or equivalently I4 < 0. 

This solution is determined by the representative solution to the constraints ZiZj + ZkZi =0 and I4 < given by 



(5.110) 



if — TT + 2k'K, fc €E 



(5.111) 



which is permutation invariant as required for consistency with our single Young tableau. Accordingly, when embedded in 
the A/^ = 8 theory this solution continues to be non-BPS. However, unlike the previous class it does not admit any interacting 
multi-centre solutions [1031- 

Interestingly, the corresponding four-qubit entanglement class given by Kostant-Sekiguchi is the first instance of genuine 
four-way entanglement for a nilpotent state. These states belongs to the class Lab^ ■ A representative state is given by. 



%/2 



(|0001) + 10010) - 10111) - |1011)). 



(5.112) 



While the permutation invariance is not manifest in this case, all states obtained from ( |5.1 12| i by swapping the qubits are related 

by [SL(2,C)]*. 

Multi-centre black holes and four-way entangled four-qubit states. The three remaining classes of S0o(4, 4)-orbits do 
not admit regular single centre solutions since they all have representative nilpotent elements of degree greater than three. 
However, they do admit interacting multi-centre solutions for which, although the total charge has degree greater than three, the 
individual centres have charges of nilpotency degree three and belong to the orbits described above | L17| . Consequently, the 
three associated nilpotent four-qubit entanglement classes can only be interpreted in terms of interacting multi-centre solutions. 
What this means for the entanglement properties for these classes remains unclear. 

/ O22: -^0533 (ind non-BPS composite black holes. This class has four distinct S0o(4, 4)-orbits, given by the four (la- 
belled) signed Young tableaux. 





+ 




+ - 


+ 




+ 





(5.113) 



In the mathematical literature it is referred to as the "subregular" orbit meaning it is has second highest dimension and nilpotency 
degree. 

The two-centre solutions deriving from this orbit were recently obtained in 11171 . At the horizon of each centre the scalar 
momentum P will lie in the single-centre orbit of space-like non-BPS black holes given by the Young tableaux in ( |5.109| l. 
Hence, it can be understood as an interacting composite system where each centre is space-like non-BPS. Note, this does not 
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contradict the fact that there are no interacting muhi-centre space-Hke non-BPS balck holes in the orbit defined by ( |5.109| l, since 
away from the horizons P will lie strictly in the subregular nilpotent orbit considered here and given by ( |5.1 13| l. 

This can be understood clearly in terms of a representative nilpotent charge Q S p of the subregular orbit. Q satisfies = 
but not Q'^ = and hence there are no regular single-centre solutions. However, it is simple to show 111 1711 that there exists a 
finite set of charges Qa, satisfying Q\ ~ and, in particular, Qa G Cisfc. such that. 



(5.114) 



for which one can construct an everywhere regular solution. Another interesting feature that we have yet to encounter is that 
each black hole in the two-centre case can carry intrinsic angular momentum along the axis of interaction. 

Turning our attention to the corresponding class of entangled states given by Kostant-Sekiguchi we obtain the first example 
of a purely nilpotent family with genuine four-way entanglement: 



10000) + 10101) + |1000) + |1110). 



(5.115) 



g. 024-' ^Oy^i and Almost-BPS composite black holes. This class has four distinct S0o(4, 4)-orbits, given by the four 
(labelled) signed Young tableaux. 



(5.116) 



In the mathematical literature it is referred to as the "principle" orbit meaning it is has the highest dimension and nilpotency 
degree. 

The black hole solutions originating from this orbit form the "almost-BPS" class, originally obtained by different methods 
in 11135141371 . In 111 171 Bossard and Ruef showed that all previously known solutions in the aknost-BPS class may be recover 
from their nilpotent orbit analysis. As for the composite non-BPS black holes in ©22, described above, there are no regular 
single-centre solutions falling strictly in this orbit. The almost-BPS class does admit regular multi-centre solutions 1 136..137J , 
but, unlike the composite non-BPS class, there can be no interactions between space-like non-BPS centres. For an interacting 
two-centre solution the scalar momentum P at one of the two horizons will lie in the single-centre orbit Oisa of time-like 1/2- 
BPS black holes given by the Young tableaux in ( |5.105| l. Hence, it can be understood as an interacting composite system where 
one centre is space-like non-BPS while the other is time-like 1/2 -BPS. 

Again, this can be understood in terms of a representative nilpotent charge Q e p of the principle orbit. Q satisfies Q'^ — Q but 
not = Q and hence there are no regular single-centre solutions. But, as with the composite non-BPS class, it is not difficult 
to show 1 1 17] that Q may be split Q = Qi+ Q2, where Qi e Oisa and Qi G Oisb- 

The corresponding class of entangled states given by Kostant-Sekiguchi is, again in common with the subregular O22 orbit, a 
purely nilpotent family with genuine four-way entanglement: 



10000) 



11011) 



|1101) + |1110). 



(5.117) 



h. O20: La^ and composite black holes. This class has six distinct S0o(4, 4)-orbits, given by the six (labelled) signed 
Young tableaux. 



+ 



(/,// 



(5.118) 



The system of equations for this class of orbits may be obtained by a straight forward truncation of either the composite non-BPS 
black holes or the almost-BPS system fl 171. However, a complete treatment, clarifying this point, is given in 1 123|. In fact, this 
observation is generically true: all systems of equations, and therefore their black hole solutions, can be obtained by suitable 
truncations from just three of the nilpotent orbits, Oisa, O22 and ©24, corresponding to the time-like 1/2-BPS, composite non- 
BPS and almost-BPS classes respectively 1 117|. 

One of the four-qubit representatives is given by the four-way entangled state. 



z|0001) + 10110) -i|1011) 



(5.119) 



however, unlike the previous two cases, the family containing this orbit has a semisimple component as can be seen from its 
representative state. 



a (10000) + |1111)) + 10011) + 10101) + 10110). 



(5.120) 
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[V,l]2 



FIG. 8: S0o(4, 4) Hasse diagram. The integers inside the bracket indicate the structure of the appropriate Young tableau. The 
subscript indicates the real dimension of the orbit. The arrows indicate their closure ordering defining a partial order II133L 



General comments. It is intriguing that the three governing nilpotent orbits are precisely those which constitute entanglement 
families in their own right, i.e. their semisimple components are identically zero. These same orbits are also interesting from an 
entanglement perspective. While all the SLOCC invariants are identically zero in these instances, two of the orbits have genuine 
four-way entanglement. In this sense they are on the same footing as the three-qubit W state. Since the SLOCC invariants 
(or n*'* -roots thereof) provide good entanglement measures f62|, it is natural to ask what are the physical properties of such 
entangled states. 

In the case of three qubits there is a very precise notion of the "degree" of non-locality (or contexuality) given by [145), 

^-EPR <W < GHZ. (5.121) 

While both being three-way entangled the GHZ state is strongly contextual while the W state is not B145I . This agrees precisely 
with the entanglement classification obtained using the SLOCC paradigm. Can this hierarchy be generalised to the four-qubit 
case (this, at first sight at least, seems difficult since the strong contextually condition satisfied by the three-qubit GHZ state 
is, in a certain sense, maximal) and, if so, will it agree with the SLOCC entanglement classification. Of course, the SLOCC 
entanglement classification is unambiguously "correct" in its own terms - two states may be probabilistically interrelated by 
local operations and classical communication if and only if they are in the same SLOCC entanglement class. What we are 
asking here rather is whether two distinct SLOCC classes of entanglement can always be distinguished by some physical and 
observable measure of their (generalised) non-locality properties 11931 . The simplicity of the two totally entangled orbits, O22 
and ©24, coupled with the fact that the strongly contextual GHZ state is in a different orbit altogether, makes them a natural 
testing ground. 



5.6. The attractor mechanism for STU black holes 



5.6.1. Attractors 



We have seen that there are static spherically symmetric extremal black hole solutions in the STU model of three basic types. 
There are supersymmetric (^ BPS) black holes , and nonsupersymmetric (non-BPS) ones with either vanishing or nonvanishing 
central charge. These can be characterized by either the entanglement properties of the four-qubit state | A) or by the nilpotent 
orbits of the associated Noether charge Q. As discussed in the previous subsection the latter procedure results in a finer classifi- 
cation of black holes that can be mapped in a one to one manner to a corresponding complex SLOCC classification of nilpotent 
states of four-qubits. 

We have also demonstrated how we can elegantly repackage the information on the charges the moduli, and the warp factor in 
a complex three-qubit state satisfying special reality conditions. The moduli characterize the geometry of the extra dimensions, 
on the other hand the warp factor characterizes the geometry of the spacetime manifold. From the spacetime perspective the 
black hole solutions we are interested in are of Reissner-Nordstrom type, with asymptotically Minkowski behavior. As we have 
noted elsewhere the moduli are really massless scalar fields without any potential. Their dynamics taken together with the warp 
factor makes it possible to calculate the macroscopic black hole entropy via the Bekenstein-Hawking area law. However, fixing 
the values of these moduli at the asymptotic region and then solving the dynamical equations governing their radial flow, gives 
rise to their horizon values. These continuously adjustable asymptotic values would then feature in the macroscopic black hole 
entropy. This is a dangerous possibility since the entropy should depend only on quantities that take discrete values, such as 
electric and magnetic charges. This could be a problem for a microscopic reinterpretation of our macroscopic entropy since the 
number of microstates is an integer that should not depend on continuous parameters. 

Luckily the radial dependence of these moduli fields gives rise to attractors |24 H26l . This means that regardless of their 
asymptotic values, the moduli flow to particular horizon values that can be expressed in terms of the quantized charges. The 
existence of such attractors, necessary for a microscopic reinterpretation of the black hole entropy, is the essence of the attractor 
mechanism. In the following we would like to see how the attractor mechanism unfolds itself in terms of our three qubit state of 
(5.47 1, as we start from the asymptotic region and approach the horizon. 
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TABLE III: Each black hole nilpotent S0o(4, 4) orbit corresponds to a 4-qubit nilpotent [SL(2, C)]^ orbit, zh is the horizon 

value of the M — 2, D ~ A central charge. 











ST£/ black holes 


— dimia — 




Four qubits 




description 


Young tableaux 


SOo(4,4) coset 




[SL(2, C)]" coset 


nilpotent rep 


family 


trivial 


trivial 


SOo(4,4) 
SOo(4,4) 


1 


[SL(2,C)]* 
[SL(2,C)]'l 





£ Gabcd 


doubly- 
critical 
5 BPS 


+ 
+ 




SOo(4,4) 


10 


[SL(2,C)]* 


loiio) 




1 1 1 l+l 1 




[SL(2,K)xSO(2,2,R)]K[(2,4)(l)ei'^'l 


[SO(2,C)]i' kC 



critical, 
iBPS and 
non-BPS 



SOo(4,4) 



I, II 



|± 7,// 



SO(3,2;R)><[(5e 


1)(2)] 


SOo(4,4) 




SO(2,3;IR)><[(5e 




SOo(4,4) 





12 [SO(3,C)xC]x'[SO(2,C)kC] lOllO) + lOOll) e La.2b2 



Sp(4,Il)x[(5®l)(2)] 



lightlike 
iBPS and 
non-BPS 



/, II 



+ -+I 

±3 



+ 



SOo(4,4) 

SL(2,IR,)x[(2x2)(l)e(3xl)(2)e2(3)l 



ic [SL(2,e)l^ 

[SO(2,C)xC]xC2 



10110) + 10101) + 

lOOll) -^"203©! 



large 
non-BPS 

ZH ^0 



composite 





+I-I+I-I 


+ 




+ 




+ 


-l+l-l+l 


+ 




l+l-l+l-l 




-l+l-l+l 



SOo(4.4) 

SO(l,l,E0xSO(l,l.IR)x [((2,2)e(3,l))(2)®l<*')] 

SO0(4,4) 

so(2,nR)x[i(2)®3<'*)ei'^>l 

SOo(<1.4) 

SO(l,2;R) X ®3("l)ei'^'l 

SOo(4,4) 

sp(2,R)x[i(2)e3('*)ei(^'l 



18 



20 



[SL(2 C)]^ 
C3 



^(10001) + 

loolo) - loiii) - e La 

11011)) 



[SL(2.C)l't i|0001) + lOllO) - 



SO(2,C)xC 



i|1011) 



large iBPS 
and non-BPS 

ZH =0 



I, II 



+ 



SOo(4,4) 

SO(2,R)xSO(2,R)x[((2,2)ffi(3,l))(2)®l('')] 



18 



[SL(2,e)l4 
[SO(2,C)]2 xC 



lOOOO) + 10111) e iOgjglOg 



composite 


(^^^^ m^) 


SOo(4,4) 


22 


[SL(2,C)]* 


lOOOO) + 10101) + 

|iooo) + |iiio) ^ "ses 


non-BPS 




R3(2)eRl(4)Q|a2(6) 


c: 


composite 


(/.// y-i+i-i+i-i+i) 


SOo(4,4) 


24 


[SL(2,C)]* 


loooo) + lioii) + 

|1101) + |1110) ^ °7®I 


Almost-BPS 




r(2)®r2(6)^E,(10) 


id 



(5.122) 



More precisely our basic concern will be a study of the radial behavior of the three-qubit state 

|x(t)) = e^M(F ®V® V){Ss{t) ® S2{t) ® 5i(r))|7). 
where 

It) = (^3<»CT3®cT3)|r) (5.123) 



obtained from ( 5.47 1 after setting k = p„ ~ Q. Here for the definitions see ( |5.46 1 and for later use we also give the explicit form 
of the amplitudes of I7) 



7000 , 7001, 7010 , 7ioo\ ^ J_ P", P^, P^, 
7111, 7110, 7101, 7011/ ~ ^/2 \~<lo, 91, 92, 93 



We will also use the state \iP{t)) defined as 



mr)) :=e-^W|x(r)> 



(5.124) 



(5.125) 
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obtained after removing the dependence on the warp factor. For the amplitudes of the state at the horizon we use the 
shorthand notation tpABC = limr-s-oo i'ABciT) with A,B,C — 0, 1. 

Recall, the effective Lagrangian of the STU model describes the motion of a fiducial particle on IR x subject to the 
potential —g^^Vbh- Here t he fou r dimensional moduli space is A^4 = [SL(2, R) / 80(2)]*''^. The parameter t = 1/r plays the 



role of time. According to ( |5.53| l energy is conserved. Close to local maxima of c^^Vbh we expect oscillatory motion, close 
to minima of c^'^Vbh we expect unstable solutions except when the initial conditions are fine tuned corresponding to extremal 
black holes. In this case the particle climbes the hill with just enough energy to reach the top ending its motion there. Such 
finite particle actions correspond to solitons which are finite energy solutions of the original field theory. Hence we can regard 
our extremal black holes as solitons. In order to classify such solutions one has to find the critical points of Vbh at the horizon. 



Using the amplitudes of limT-_j.oo extremization of the black-hole potential (5.45 1 with respect to the moduli yields the 

following classification of attractor equations M146II : 



• BPS solutions 



• Non-BPS solutions with Z 



V-i = V^2 - ^-4 = 0, (5.126) 



\M^ = \^i? = \i^2? = m\ (5.127) 



Notice that the amplitudes ^/^o = V'ooo and ijjj — ipm play a special role as they are related to the central charge and its 
complex conjugate, 

Z = -^T, Z^^Q. (5.128) 
Since Z 7^ the corresponding amplitudes are non-zero. 
• Non-BPS solutions with Z = 0. 

V>o = = ^2 = (5.129) 
and two more cases with 12 replaced by 23 and 31 respectively in the last two amplitudes. 



J. 6. 2. BPS attractors 



Let us consider now the case of BPS attractors. In this case since DiZ = 2e^'^di\Z\ according to 
are also critical points of Vbh- It turns out |24-26 | that such critical points are also minima. Reca 



5.54 1 critical points of |Z| 



1 also from (5.61 1 that for 



BPS solutions the second order equations of (5.57 1 can be replaced by first order ones. If we assume Zc 7^ then from the first 
of ( |5.61| l we get 



lim e 

r— ^00 



\Zr 



where 



Zc '■= lim Z{t). 



(5.130) 



Hence from (5.51 1 the near horizon geometry of the black hole is AdS2 x S 



-dr^] +\Zl^ {de^ + sm'^edtp'^ 



(5.131) 



Here as usual r = 1/r where r is the radial distance from the horizon. The horizon area is 

A = 4T:\Zrf 



hence the thermodynamic Bekenstein-Hawking entropy is 



A 



Sbh = -r = 



(5.132) 



(5.133) 



In order to calculate the value of Zc in terms of the charges let us have a look at the attractor equations (5.126 1. In the case of 
the STU model these equations determine the horizon values of the moduli in terms of the charges. These equations also have 
a very interesting quantum information theoretic interpretation |3 1. We see that though the amplitudes of the state \'4!{t)) away 
from the horizon are generally nonzero, at the horizon all of the amplitudes die out except for tpooo and tpm. According to (2.6 1 
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these are the non-zero amplitudes of the GHZ states: the BPS attractor flow can be int erprete d as a distil lation procedure for a 
GHZ state. Moreover, since at the critical point Vbh — \Z\'^ is minimal, according to (5.49 1 and ( |5.125 1 it follows that at this 
point the magnitudes of the GHZ amplitudes are minimized. (5.133 1 also shows that the black hole entropy is proportional to 



the horizon value of the magnitudes of the GHZ amplitudes of our three-qubit state \^P{t)). 
Let us write the superpotential of ( |5.55| l as 



W{Z3, Z2,Zi) = JCBAC^b 



B A 

a 



(5.134) 



bn O 



Z3 



Then the (5.126 1 BPS attractor equations can be written as 

W(z3,Z2,Zl) = 0, VF(z3,Z2,Zl) = 0, 



(5.135) 



and their complex conjugates. The amplitudes of I7) are given by ( 5. 124 1 



Using the fact that 'Jcba is real these equations taken together with their complex conjugates are equivalent to the vanishing 
of the 2x2 determinants ll^lTOl 



Det {-rcBAC^) = 0, Det {jcBAb^) = 0, Det {-/cBAa' 







(5.136) 



provided the imaginary parts of the moduli are non vanishing. The result is three quadratic equations. Assuming yi, 2/2 and j/3 
positive, the stabilized values for the moduli are given by. 



z°-{oo;p,q) = 



(70 • loY 



a = 1,2,3. 



(70 ■ 71)^ 



1cbq£ 



CC'BB' 



IC'B'i, {lo-liY = lcoA£'~^'~^ e"^^ IC'iA' Yfo-liY = 1oba£"" liB'A- (5.137) 



BB'AA' 



with D being Cayley's hyperdeterminant. In order to have such solutions —D should be positive and (70 • 70)" should be 
negative. The latter means that the quantities p^%P — p^qu > where i, j, k are distinct elements of the set {1, 2. 3}. 

Using the stabilized values of the moduli one can calculate the GHZ amplitudes of The final form of this three-qubit state 
isHa 



lim |?A(t)) = {-Dy/^^ (e-'"|000) - e*"|lll)) 

T-i-OO y/2 



(5.138) 



tana = V—D 



2plp2p3 _ pO(^pOq^ _|_ piq-^ +p'^q2 + p^qY) 



(5.139) 



D = {p°qa+p\i+P^q2+P^qiY 

- A{{p\Y{p\2) + {p\2Yp\Y + {p\Y{p\Y) 



(5.140) 



4]3"gig2g3 - -iqop^p^p^ 



This state is indeed of the unnormahzed GHZ form. The norm of this state is proportional to the black hole entropy ifTllSl lTOl 



S 



BH 



-D. 



(5.141) 



Notice that apart from reproducing the result of \1.9) we also managed to understand the behavior of BPS attractors in terms of 
a complex three-qubit state depending on the charges and the moduli. It is also interesting that the phase of the GHZ amplitudes, 
i.e. the phase of the central charge at the horizon, can be expressed in terms of the Freudenthal dual II41I amplitude p° as 13] 



tana = — r. 
pi.) 



(5.142) 



We remark in closing that for non-BPS solutions with vanishing central charge the attractor states will be again of the ( |5.138[ ) 
form with the important difference that now the b asis vec tors of the states are changed 1 30 1 by flipping one of the bits via the use 
of the bit flip operator ai. In this case modifying (5.138 1 one can now obtains GHZ states by combining the basis vectors |100) 
and 1011) etc. 
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5.6.3. The distillation procedure for non-BPS attractors 



In this section we would like to demonstrate how the radial flow for the moduli gives rise to the distillation of a special three- 
qubit (attrac tor) sta te at the black hole horizon ll30l . Here we demonstrate this process for the non-BPS seed solutions II115I of 
the class of (5.127 1. In this case of the eight charges only the four < Q and > 0, i = 1, 2, 3 are switched on. If we are 
embedding the STU model into type IIA string theory the interpretation of these charges is given in terms of wrapping numbers 
of D{) and DA branes on the and 4 cycles of the six dimensional torus T^. In this case the bas ic U-duality invariant is again 
related to Cayley's hyperdeterminant calculated for the four charge version of the state of (5. 124 1. Its value is Z) = Aq^p^p^p^. 



Using definition (5.17 1 the equations to be solved are given by (5.71 1-(5.73 i. The solution of these equations can be expressed 



in terms of harmonic functions /i/, / = 0, 1, 2, 3 as 11151 



1 



1 

hk 



ii^j^k, i,j,fc = 1,2,3 



(5.143) 



-/3 _ 



= -ho - 



ho = -do - D^/'^i 



where 



For this 5 parameter solution we have 



V2qo 



(l + B^) 



(5.144) 



(5.145) 



= Ri 



B 



-2U 



-AU 



\\eijk\hjhk 



= -hohih2h3 - B'^, 



Ri — 



' -2qoP' 
\<^t]k\P'p''' 



(5.146) 



Notice that B = x^{0) = a;^(0) = a::'^(0) describes the real part for the asymptotic values of the moduli. 

Given the radial dependence of the moduli and the warp factor one can calculate the Fourier amplitudes of the state \x) — 
{Hi^HiSiH)\x) ■ This state coming f rom (|5.47 1 can now display how the attractor mechanism as a distillation procedure unfolds. 
After removing the warp factor as in (5.125 i one can examine the behavior of the three-qubit state \iP{t)) = {H^H^H)\tp{T)) 
in the asymptotic region and on the horizon. In the asymptotic Minkowski region we get 



- iB{p^ +p^)\10l) -iB{p^ +p^)\On) 
+ [qo-B^{p'+p^+p^)]\in)). 



(5.147) 



On the other hand at the horizon one obtains 



lim |^(t)) = {-Aqop'pVy^\ (1001) + 1010) + |100) - |111)) . 



(5.148) 



This result shows that if we "start" asymptotically with the state of (5.147 i with seven nonvanishing generically different ampli 



tudes we end up with the state of (5.148 1 having merely four nonvanishing amplitudes that are the same up to a sign. Notice that 
although the asymptotic state features B, the asymptotic value for the moduli, the horizon state is independent of this quantity. 
Hence, in accordance with the attractor mechanism, different values for B defining different initial three-qubit states flow to the 
same three-qubit attractor state determined only by the charges. 

There is an important subtlety here. For BPS black holes no asymptotic values for the moduli can appear in their horizon 
values. Indeed, according to ( 5.138|l-(|5.140|l the states on the horizon can be expressed entirely in terms of the charges. Based 
on our results as represented by ( 5.147| l-(5.148 i for the seed solution one would conclude that a similar result holds also for 
non-BPS solutions. However, there are special directions given by particular asymptotic conditions which give rise to radial 
flows resulting in special values of asymptotic moduli at the black hole event horizon. These directions are referred to as flat 
ESl II 151 11471 11481 . In other words, the attractor mechanism fixes all the moduli for a BPS charge vector, but may leave flat 
directions for a non-BPS charge configuration. 

An analysis |30| based on the most general non-BPS solution ESll with nonvanishing central charge, as obtained from the 
seed solution, shows that, for the DO — DA configuration with the most general asymptotic conditions, the radial flow gives rise 
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(5.149) 



to the following three-qubit state on the horizon, 

lim |^(r)) =i , (-4g0PVV)^ 

2 ^cosh(a3) cosh(a2) cosh(ai) 

-|111) + cosh(ai)lOOl) + cosh(a2)|010) + cosh(a3)|100) 
+ isinh(ai)|110) + i sinh(a2)|101) + i sinh(Q3)|011) 
Here the real constants a^, i ~ 1,2,3 satisfy the constraint 

01+0:2+0:3 = (5.150) 
and, showing up in the asymptotic form of the moduli, account for the flat directions. In the type IIA picture the o^ parameterize 



deformations of the six torus that preserve its overall volume. We see that for Oi = we get back to the result of ( 5. 148 1, but for 
the most general case of the non-BPS attractor flow these asymptotic moduli make an appearance in the attractor state. 

One can consider the dual case of the D2-D6 charge-configuration ||28l 11491 1150L In this case p° > and > 0. The 
coiTesponding attractor state is I.30J 



lim |^(r)) J , (4p°gig2g3)^ 

2 ^cosh(o3) cosh(o2) cosh(oi) 

sinh(ai)lOOl) + sinh(o2)|010) + sinh(o3)|100) 
-i|000) +icosh(ai)|110) + i cosh(a2)|101) + i cosh(a3)|011) 



(5.151) 



Notice that for vanishing flat directions the DO — DA and D2 — D6 cases are dual in the sense that their attractor states are 
related by the bit flip operation cti (g) cti (g) cti. 

It is interesting to analyse the effect of the asymptotic data on the attractor states at the horizon. In the D2 — DQ case let us 
change the signs of the charges gi , (72, 93 in such a way that the combination p'^qiq2q3 showing up in the entropy formula is left 
invariant. Then one can show |29| that the attractor state is 



i(4Ai'?2g3)'/^^K|110) +m2|101) +m3|011) - |000)] 



where 



(mi, 1712,1713) e {(+,+,+),(+, 



-),(- 



-),(- 



-)}• 



(5.152) 



(5.153) 



Hence, although the changes in sign do not change the black hole entropy, they have an effect on the particular form of the 
state. The possible sign changes can be implemented via the action of the phase flip error operators (T3 €5 173 (g) / plus cyclic 
permutations. Notice that the Fourier transformed state It/j) features the bit flip operators cri in a similar combination. 

Let us now fix the signs of the charges of the D2— D6 svste m. and vary the values for the asymptotic paramet ers a, r esponsible 



for the flat directions. Let us also refer to the state of (5.151 



as |V')Q3a2Qi- One can then see that by virtue of (5.150 1 



+++ 



where 



E,, = 



1 



V cosh ai 



1 
i sinh ai cosh a., 



(5.154) 



(5.155) 



Hence the changes on the state originating from the flat directions have the interpretation of errors of more general kind depend- 
ing on continuously changing parameters. It is amusing to see that though the error operators Ei act locally, due to the constraint 
of ( |5.150[ ), they are not independent. In quantum information such constraints usually refer to an agreement between the parties 
affected via the use of classical channels PI [141 . 

These results clearly show the relevance of ideas known from the theory of quantum error correcting codes. Taken together 
with our earlier observations that the structure of the continuous U-duality group £^7(7) can be elegantly described via the use of 
the Hamming code shows that these mathematical coincidences are worth exploring further. Indeed, the tripartite entanglement 
of seven qubits interpretation shows that for the most general 56 charge black hole configurations there are U-duality trans- 
formations of two kind. Either they transform within any of the seven possible STU sectors, or transform the sectors among 
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themselves. U-duality transformations of the latter form include elements belonging to the Weyl group W{Ey). For example, 
the order seven automorphism p.l4| i that rotates the STU sectors into each other. As we have seen such transformations can be 
represented in the form featuring CNOT gates. On the other hand U-duality transformations of the former incorporate naturally 
bit and phase flip error operations operating in the solution space of a fixed STU truncation. These considerations might be 
indications that the black hole entropy formulae in the semiclassical limit represent some sort of effective "area codes" protecting 
the information encoded in wrapping configurations of branes from errors arising from fluctuations of the asymptotic data of 
moduli. We explore this idea in some detail in the next section. 



6. ENTANGLEMENT FROM EXTRA DIMENSIONS 



In the previous sections we formally employed unnormalized qubits and qutrits to understand the structure of the semiclassical 
Bekenstein-Hawking entropy and the phenomenon of moduli stabilization in entanglement terms. In all of our considerations we 
have used an effective four or five dimensional picture given by the relevant classical supergravities. Hence, thus far we have not 
really made use of the higher dimensional picture that string theory provides. Indeed superstring (M-theory) lives in ten (eleven) 
spacetime dimensions so it would be desirable to embed our findings in an extra dimensional setting. Moreover, one might hope 
that via this embedding many aspects of our considerations will be illuminated by the new perspective offered by inclusion of 
the extra dimensions. 

Apart from these interesting possibilities, there is a more down-to-earth reason to embark upon exploring these ideas. Namely, 
looking at, for example, (5.148 1 it is not at all obvious what symbols like |001) actually mean in the string context. Of course 
these symbols refer to the basis vectors of some sort of Hilbert space. But how this Hilbert space is defined? Is this Hilbert space 
independent of the moduli, or should we rather consider a family of such spaces parametrized by them? 

In this section we address these important issues. First in the next section we provide a physical basis for connecting the qubits 
and qutrits to the structure of the extra dimensions. The main idea |50| is to relate them to wrapping configurations of membranes 
around the extra dimensions. In later sections we give a precise meaning to such issues, by identifying the underlying Hilbert 
space giving home to the qubits whithin the cohomology of the extra dimensions 151]. We will see that as an extra bonus these 
considerations also give a rationale for our use of charge and moduli dependent three-qubit states in the previous sections. In the 
following for simplicity we consider toroidal compactifications and use the type IIB duality frame, meaning that we formulate 
our ideas within the framework of the corresponding string theory. 



6.1. Wrapped branes as qubits 

The microscopic string-theoretic interpretation of the charges is given by configurations of intersecting D3-branes, wrapping 
around the six compact dimensions T^. The 3-qubit basis vectors \ ABC) are associated with the corresponding eight wrapping 
cycles. In particular, one can relate a well-known fact of quantum information theory, that the most general real three-qubit state 
up to local unitaries can be parameterised by four real numbers and an angle, to a well-known fact of string theory, that the most 
general STU black hole can be described by four D3-branes intersecting at an angle. 

The microscopic analysis is not unique since there are many ways of embedding the STU model in string/M-theory, but a 
useful example from our point of view is that of four D3-branes of Type IIB wrapping the (579), (568), (478), (469) cycles of 
with wrapping numbers Nq, Ni, N2, and intersecting over a string [1511 . The wrapped circles are denoted by crosses 
and the unwrapped circles by noughts as shown in [Table TV\ This picture is consistent with the interpretation of the 4-charge 
black hole as bound state at threshold of four 1 -charge black holes I27l ll52lll53i The fifth parameter 9 is obtained 1971 11541 by 
allowing the N3 brane to intersect at an angle which induces additional effective charges on the (579), (569), (479) cycles. 

To make the black hole/qubit correspondence we associate the three T^ with the SL(2)^ x SL(2)b x SL(2)c' of the three 
qubits Alice, Bob, and Charlie. The eight different cycles then yield eight different basis vectors \ABC) as in the last column 



of Table IV where |0) corresponds to XO and |1) to OX. To wrap or not to wrap; that is the qubit. We see immediately that we 



reproduce the five parameter three-qubit state j^*) of (7.9\ : 

\^) = -N3cos^9\001) - A^2|010) +7V3sin6lcos6'|011) 

- A^illOO) - 7V3 sin 6* cos 6*1 101) + (A^o + sin^ 6l)|lll). ^^'^^ 

Note the GHZ state describes four D3-branes intersecting over a string. By embedding this picture inJV = 8 supergravity we find 
an exact correspondence between the possible intersections preserving different degree of supersymmetry and the entanglement 



classes of 3-qubits as illustrated in Figure 10 
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4 5 6 7 8 9 macro charges micro charges \ABC') 

X X X iP 1 000) 

OX OX XO qi 1 110) 

ox X OX q2 — Ai's sinecos6' |101) 

X OX OX qs A'^asinScosS |011) 

X X X go No + Ns sin^ 6 |111) 

X X OX -p^ --Ar3cos^6i |001) 

X ox X -p^ -N2 joiO) 

ox X X -p^ -A^i 1 100) 



TABLE IV: Three qubit interpretation of the 8-charge D = 4 black hole from four D3-branes wrapping around the lower four 
cycles of with wrapping numbers Nq, Ni, N2, and then allowing N3 to intersect at an angle 9. 



FIG. 9: Left: Classification of J\f ~ 8 black holes according to susy. N denotes the number of intersecting D-branes in the 
microscopic picture. Right: The entanglement classification of 3-qubits. The arrows represent the removal of a D-brane or a 
non-invertible SLOCC operation. 
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6.2. Qubits from extra dimensions 

In the previous section we have seen that wrapped branes can be used to realize qubits, the basic building blocks used in 
quantum information. Based on these findings it is natural to expect that such brane configurations wrapped on different cycles 
of the manifold of extra dimensions should be capable of accounting for many more of the surprising findings of the BHQC. The 
aim of the present section is to show that by simply reinterpreting some of the well-known results of toroidal compactification 
of type IIB string theory in a quantum information theoretic fashion this expectation can indeed be justified. In particular we 
identify the Hilbert space giving home to the qubits inside the cohomology of the extra dimensions, establishing for the phrase 
"to wrap or not to wrap, that is the qubit" a mathematical meaning. In order to do this let us recall some basic ideas of Calabi-Yau 
compactifications of type II string theories ||78]| . 

Calabi-Yau compactifications play an important role in string theory. Calabi-Yau spaces are six dimensional complex Kahler 
manifolds that are Ricci flat. They are promising candidates for producing sensible four dimensional low energy phenomenology. 
Moreover due to their special structure they are ideal playing grounds for obtaining results illustrating the interplay between the 
geometry of extra dimensions and ordinary four-dimensional spacetime as tested by extended objects. As we have seen in 
sections discussing the attractor mechanism there are scalar fields called moduli describing the fluctuations of such spaces. For 
type II string theories such moduli can be separated into two characteristic types. Either they are associated with the deformations 
of the complex structure or with the Kahler structure of the underlying Calabi-Yau. For type IIA supergravity the moduli are 
associated with the latter and for type IIB with the former. In the following we merely consider the special case of toroidal 
compactifications, hence we assume that the geometry of the extra dimensions is that of a six-torus T^. In the type IIA picture 
Kahler structure deformations correspond to deformations of the size, on the other hand in the type IIB picture complex structure 
deformations alter the shape. We adopt the type IIB picture, hence by moduli in the following we mean the complex structure. 
Restricting further to the special case of regarding as T'^ x T"^ x as in the previous subsection, we can then associate 
three-qubits with the three two dimensional tori. 
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The moduli are now 
as labelled by j = 1,2,3. Let us denote the six real coordinates of by < 



iy^ with > as in (5.2i. They correspond to the deformation parameters for the tori 

< 1 and < u-' < 1. We can imagine 



these coordinates as the ones adapted to the deformed tori. This means that regarding as a complex manifold the complex 
coordinates of should depend on the moduli . Notice that = x x is a very special case since now the 
number of complex moduli equals the number of complex dimensions of the manifold. For a general Calabi-Yau this need not 
be the case, since the number of complex moduli iTSl is then given by the Hodge number h?-^ . Next we write 



w' = u-' + z-' v' 



(6.2) 



Hence the real pairs [u' , v^) and [x^ , y^) are coordinates for and its moduli space Al = [SL(2, R) / S0(2)]'*'^ respectively. 
Alternatively and z^ are the corresponding complex coordinates for these spaces. 

For a Calabi-Yau space we have a nowhere vanishing holomorphic three-form. For our torus it is 



fin = dw^ A du? A dw'^ 



(6.3) 



We have 



noh^o^i{Sy^y''y^)^ie-'^, 



-K 



(6.4) 



where K is the Kahler potential of (5.4i giving rise to the metric G^: of (5.3 1 on the special Kahler manifold Ai. Let us now 



define the nonholomorphic three-form \ l as 



(6.5) 



Define flat covariant derivatives D-^ acting on fl as 



D.n = {r - z')D,n = (z' - z') ( a, + -m ] n, 



(6.6) 



where di = d/dz'^. Now one has 



n = e^/'^dw^ A dw^ A d^t;^ VL = e^''^dw^ A dw^ A dvf 



(6.7) 



Din = e^^^dw^ A dw^ A dw^, D^fl = e^/'^dw^ A dw^ A dW^ 



(6.8) 



with the remaining covariant derivatives obtained via cyclic permutation. Let us consider the action of the Hodge star on our 
basis of three-forms as given by (6.7 1-(6.8 1. For a form of {p, q) type the action of the Hodge star is defined as 



n! 

where for our in accord with our conventions 

uj = i{dw^ A dw^ + dw"^ A dw"^ + dw'^ A dw'^). 

Hence we get 



(6.9) 



(6.10) 



(6.11) 



rkDan = -iDan, -kD^n^iD^n (6.12) 

Now we regard the 8 complex dimensional untwisted primitive part II155I of the 20 dimensional space H^{T^, C) = H^''^ ® 
H^'^ © H^'^ ® iJ"'"^ equipped with the Hermitian inner product 

(V?h)= / (^A*7j (6.13) 

as a Hilbert space isomorphic to H = (C^)'*'^ ~ of three qubits. In order to set up the correspondence between the three- 
forms and the basis vectors of the three-qubit system we use the negative of the basis vectors n,Diil,, . . . multiplied by the 
imaginary unit i. Changing the order of the one-forms we have, for example, — iDjil = ie^^^dz^ A dz^ A dz^. Hence, we can 
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take as its representative basis qubit state |001), which corresponds to the usual binary labelling provided we label the qubits 
from the right to the left. 

Using these conventions the basis states of our computational base are given by, 

-in^ |ooo), -iDin ^ |ooi), -io^n ^ |oio), -io^n o |ioo) (6.i4) 



-in^\ni), -iD^n ^\iio), -iD^n^\ioi), -io^n ^\oii). (6.i5) 

Now the locations of the "T's correspond to the slots where complex conjugation is effected. One can check that the states above 
form a basis with respect to the inner product of (6.13 i with the usual set of properties in terms of the three-qubit intepretation. 

A further check shows that the action of the flat covariant derivatives Dd,j — 1,2,3 corresponds to the action of the projective 
bit flips of the form I ^ I ^ I ® Cj^ ® I and a+ ® I ® I, where / is the 2x2 identity matrix. For the conjugate flat 

covariant derivatives ct+ has to be replaced by (7_ . Moreover, the diagonal action of the Hodge star in the computational base is 
represented by the corresponding action of the negative of the parity check operator ia-^ ® a^® a^. 

Now for a three-form representing the cohomology class of a wrapped D3 brane configuration we take 



(6.16) 



and 



ao = du^ A du^ A du^ , /3° = -dv^ A dv'^ A dv^ 



ai 



dv'^ A du^ A du^ , 13'^ = du^ A dv^ A dv^ (6.17) 



with the remaining four obtained via cyclic permutation. With the canonical choice of orientation we have J^^ ai A P'^ — 5j. 



It is well-known 1, 143 J that in the Hodge diagonal basis we can express this as 

^ = iZ{i;)n - ig''^DjZ{i!)D^Xl + c.c. = iZiil^)^ - iS'^'^ D'.Z{iJ;)D^n + 



c.c. 



Here Z{ip) = J^g ip Ail.is the central charge. For its explicit expression see (5.55 i 

states 

^iiolllO) +^Aiii|lll 



Employing our basic correspondence between three-forms and three-qubit states of ( 6. 14 1-( 6. 15 1 we can write o 

IV") =i^ooo|000)+V'ooi|001) + - 



(6.18) 

where 
(6.19) 



V'lii = -e'^/^W{z\z\z^) = -V-ooo, V-ooi = -e'^^'^Wiz^z^ , z^) = -V-^q (6.20) 



and the remaining amplitudes are given by cyclic permutation. Now one can check that, using the definitions in (5.122 1 and 



(5.46 1, the state j-i/') can be written in the form given by (5.125 i 



Hence our state l^') seems to be exactly the same as the one that has already appeared in our previous considerations. It is 
important to realize however, the basic difference in interpretation. Untill now the state was merely a charge and moduli 
dependent state connected to the 4 dimensional setting of the STU model. Moreover, in that setting the basis states \ABC) 
with A,B,C = 0,1 had no obvious physical meaning. They merely served as basis vectors providing a suitable frame for a 
three-qubit reformulation. 

Now \tp) depends on the charges, the moduli and the coordinates of the extra dimensions. Hence, this state is connected 
to a 10-dimensional setting of the STU model in the type IIB duality frame. Now the basis vectors \ABC) have an obvious 
physical meaning: they are the Hodge diagonal complex basis vectors of the untwisted primitive part of the third cohomology 
group of the extra dimensions, i.e. of H^{T^ ^ C). They are also basis vectors of a genuine Hilbert space equipped with a natural 



Hermitian inner product ( 6. 1 3 1, isomorphic to the usual space of three qubits. The basis vectors | ABC) not only depend on the 
coordinates of the tori, but also on the moduli. Hence the notation should reflect that \ABC) refers to a parametrized family of 
basis vectors. Since the notation \ ABC] z^, z'^, z^) is rather awkward we omit the and tacitly assume an implicit dependence 
on them. 

In the new formalism the state |^) also has a nice physical meaning. It is the Poincare dual of the homology cycle representing 



wrapped ZJS-brane configurations. Moreover can be represented in two different forms. Namely as in (6.19 1 which is an 
expansion in a Hodge-diagonal moduli dependent complex base, or in an equivalent way based on the qubit version of ( |6.16[ ) 
which is a Hodge-non-diagonal but moduli independent real base. 

These results also shed some light on the phenomenon that the fluctuations of the moduli are related to phase flip and bit 
flip errors we encountered at the end of Section 5.6.3. Indeed, now we see that on the basis vectors \ABC) the flat covariant 
derivatives with respect to the moduli act naturally as elementary error operations. As a byproduct of this the attractor equations 
can be given an alternative explanation. For the attractor flow we have a three-qubit state with amplitudes associated with all 
of the moduli dependent basis vectors \ABC). We have seen that at the horizon only special combinations of the amplitudes 
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associated with special basis vectors survive. For example according to (5.138 i for the BPS flow we have only amplitudes 
multiplied by the basis states |000) and |111). This means that at the horizon bit flip errors of the form ai (E) I <E) I and their 
cyclic permutations acting on these basis vectors are suppressed ||29ll . These conditions can be expressed precisely in the form 



of the BPS attractor equations i.e. (5.126 1 and their conjugates. This result is a quantum information theoretic reinterpretation 
of the well-known property of supersymmetric attractors in the type IIB picture namely that in this case only the H^''^ and H'^-^ 
parts of the cohomology survive ll78l . 

6.3. Fermionic entanglement from extra dimensions 

As a generalization of our considerations giving rise to qubits we consider the problem of obtaining entangled systems of 
a more general kind from toroidal compactification |51|. The trick is to embed our simple systems featuring few qubits into 
larger ones. Here we discuss the natural generalization of embedding qubits (based on entangled systems with distinguishable 



constituents) into fermionic systems (based on entangled systems with indistinguishable ones II1561 11571 ). In the quantum 



information theoretic context this possibility has already been elaborated |20| . see section 7 7.5 Here we show that toroidal 
compactifications also incorporate this idea quite naturally. 

As in the special case of the STU model we choose analytic coordinates for the complex torus such that the holomorphic 
one-forms are defined as dw^ = du^ + z^^dv^ where now 2;*^ , 1 < «, J < 3 is the period matrix of the torus with the convention 

z^i = x''^ - iy'K (6.21) 

For principally polarized Abelian varieties we have the additional constraints 

z'^ = z^\ y'^ > 0. (6.22) 

We choose as usual fto — dw^ A dw^ A dw^, and the canonical orientation. 

Now we exploit the fuU 20 dimensional space of H^{T^, C). We expand V' S i?^(r^, C) in the basis 

ao = du^ A du^ A dv? , aij — -ea'jidu^ A du^ A dv-' (6.23) 



-dv^ A dv'^ A dv^, l3'^ = ^eji'j'du^ A dv'' A dv^' . 



(6.24) 



One can then show that 



na = ao + z'^a.j + zhjP'' - (Detz)/3° (6.25) 
where is the transposed cofactor matrix satisfying zz' = Det(z)l. One can check that the generaUzation of the identity of 



(6.4 1 holds and e"^ = SDety. 



An element tj} of H^(T^, Z) can be expanded as 

^ = pOao + P^'a^j - Q^J|3'' ~ 9o/3°. (6.26) 

We can rewrite this as 

= l^lABcf^ Af'^Af (6.27) 

where 

{f\f, f, f\ f,f) = {f\f, f, A f, f) = {du\du\ du^dv\dv\ dv'). (6.28) 

Here ipABC has been generalized to a completely antisymmetric tensor of rank three with 20 independent components. Clearly 
the independent components of ^abc are identified with the 20 quantized charges [p^ ^ P*^ , Q^ , go) related to wrapping three- 
branes on the corresponding homology cycles. The explicit identification is given by 

P" = 7123, P'' P'' P''\ = { 731T 7312 7313 (6-29) 
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7l23' 



Qii Qi2 Qi3 
Q21 Q22 Q23 

yQsi Q32 Q33J 



7l23 7l3T 7lT2 
7223 723T 72T2 
k7323 7331 73T2/ 



(6.30) 



Using the language of fermionic entanglement 1156) 11571 ip can also be regarded as an unnormaUzed three fermion state with 



six single particle states 11201 , as described in section 7 7.5 



Now we introduce the new moduli dependent basis vectors 



= Sa' 



I I 

z z 



(6.31) 



One can then write 



where 



(6.32) 



i'A'B'C — Sa'^Sb'^ Sc''~' lABC 



(6.33) 



and 



(6.34) 



In this new form the amplitudes 4'abc depend on the charges and the moduli. Notice also that now we have the same matrix 
S e GL(6, C) acting on all indices of jabc- This reflects the fact known from the theory of quantum entanglement that the 
SLOCC group (14^, '156] for a quantum system consisting of indistinguishable subsystems (now with six single particle states 
II20I ) is represented by the same GL(6, C) matrices acting on each entry of a tensor representing the set of amplitudes (now of a 
tripartite system). The basis states — ie^/^C^ A A e*-^ for 1 < A < i? < C < 6 form an orthonormal basis with respect to the 
inner product of ( 6.13| l. 

It is instructive to see how one recovers the STU case of the previous section. In particular one would like to see how the 
indistinguishable character of the subsystems represented by tp boils down to the distinguishable one of the corresponding three- 
qubit system. In order to see this just notice that in the STU case we merely have 8 nonzero amplitudes to be used in ( |6.33| l. 
Namely we have jabc with labels 123, 123, . . . , 123, 123. Moreover, the 3x3 matrix z is now diagonal, hence the explicit 
form of 5 is 



S 



1 

-e 
2 



K/6 





















-z^y' 



















~z^/y^ 








l/y3 


































V 





z^/y^ 








-1/2/V 



(6.35) 



After switching to our usual ordering convention let us make the correspondence 321 o 000, 321 ^ 001 etc. meaning that the 
labels 1 and 1, 2 and 2, 3 and 3 refer to the labels and 1 of the^rif, second and third qubit. Looking at the structure of the 
tensor product S <Si S <^ S and recalling that e~^^^ — \/Sy^y^y^ we quickly recover the structure of the three qubit state of 
( |6l9] l. (See also the definitions of ( |5l25l l and ( |5l^ .) 

Let us finally comment on the structure of BPS attractors 1 1 13 1 in our entanglement based approach. As in the STU case the 
attractor equations require that only the H^''^ and H'-^-^ parts of the cohomology classes are non- vanishing. This implies that for 
our "state" of fermionic entanglement at the horizon we have 



1p = -0321 (- 



-ze^/^e^Ae^Aei) 



V'32t(- 



(6.36) 



where 



321 



321 



Z{zfi„,p°,qQ,P,Q). 



(6.37) 



According to the general theory f20l for classifying the SLOCC entanglement types |T4l for tripartite fermionic systems with 
six single particle states, such attractor states belong to the fermionic generalization of the usual GHZ state well-known for 
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three qubits. Hence our result on the reinterpretation of the attractor mechanism as a quantum information theoretic distillation 
procedure in this fermionic context still holds. 

In order to see this one has to solve the attractor equations ifSTlll 131 with the result z = x — iy where 

y= iVp(/Q + P«)-i, x=^(2Fg-[Ao + Tr(FQ)]/)(p"Q + P»)-i. (6.38) 

The STU case is recovered when using diagonal matrices for z = x — iy, P and Q. In these expressions the definition of V is 

V = -(/go + Tr(PQ))2 + 4Tr(P«Q'') + VOetQ - 4goDetP (6.39) 
which is minus half of the usual quartic invariant of Freudenthal triple systems ||36]| . Here the Freudenthal system is the one 



based on the cubic Jordan algebra of 3 x 3 matrices with complex entries (see also section 7 7.5 i 



One can then show that as the result of a distillation procedure the GHZ-like state at the horizon is of the form as given by 



(5.138 1 with suitable replacements. First Cayley's hyperdeterminant D has to be replaced by its generalization V as given by 



(6.39 1. Moreover, the phase a of the central charge is determined by the equation 

,0 



tana = ^ (6.40) 



where is the Freudenthal dual BTl of Its explicit expression is 

po = 2DctP + /Tr(PQ)+Ao _ ^^^^^ 



The stabilized states |000) and of (5.138 1 should be replaced by their "fermionic" counterparts (— je^^^e'^ A A e^) and 



(— ie^/^e'^ A A e^). These basis vectors should be evaluated at the stabilized values of the moduli as given by (6.38 i. Finally 
the formula for the entropy as expected is 

Sbh - ttVp. (6.42) 



Based on our experience with the STU case where according to (2.9 1 the entropy formula was given in terms of a genuine 
tripartite measure, it is tempting to interpret 7i23 = 4|I?| as an entanglement measure for three fermions with six single particle 
states as represented by the normalized state -0 g f\^V* where V ~ G^. According to Ref [20] within the realm of quantum 
information the quantity 7i23 indeed works well as a basic quantity to characterize the entanglement types under the SLOCC 
group GL(6, C). Within the context of blackhole solutions the SLOCC group should be restricted to its real subgroup GL(6, R). 
It is not difficult to see then that the different types of black holes correspond to the different entanglement types of fermionic 
entanglement. This correspondence runs in parallel with the original observation of Kallosh and Linde Q that the entanglement 
types of three qubit states correspond to different types of STU black holes. 



6.4. Other entangled systems from extra dimensions 

Finally let us comment on possible generalizations. One can show 151 1 that the idea of the attractor mechanism as a distil- 
lation procedure works nicely also for flux attractors Il78lll58l . One can study this mechanism within the context of F-theory 
compactifications on elliptically fibered Calabi-Yau four-folds ll78l . Here the flux attractor equations are just a rephrasing of the 
imaginary self duality condition II158II (ISD) ★gG = iG for the complex flux form defined as 

G3 = P3 - ri?3 (6.43) 

where G is a combination of the type IIB NS and RR three-forms and P3 into a new three-form G3 which has also a 
dependence on a special type of new moduli 

T = a + ie"* (6.44) 

the axion-dilaton field. The extra moduli can be incorporated into the formalism via an additional torus 15111159111601 . 

In the special case of choosing the Calabi-Yau space as the orbifold T^ /1j2 x Z2 one fmds four- qubit systems lISTl . Indeed, it 
is convenient to incorporate the three-forms H and F into a complex four-form G. Then applying a correspondence similar to 



(6.14i-(6.15 I between the Hodge diagonal basis vectors for complex four-forms [160] and the four-qubit basis vectors one can 



define a four-qubit state. This state depends on the quantized fluxes and the four moduli and it is of the usual form 



|G) ^Si®Sz®S2®Si\g). 



(6.45) 
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Here the extra ^4 is featuring the axion-dilaton as = r and the exphcit form of the 16 amplitudes of \g) is labelled as 

(6.46) 



ffoooo ffoool ffoolo .90100 \ _ / -p" -f" -p^ 



ffoiii ffoiio ffoioi .90011/ V^9o 9i 92 93 

51000 51001 51010 51100 I _ f—P^ —P^ —P^ —P^ j (6 47) 

51111 51110 51101 91011 J \^Qo Qi Q2 

As an explicit example for this system one can revisit and reinterpret the solution found by Larsen and O'Connell 116111 in 
the language of four-qubit entangled systems. In this special case only 8 fluxes are switched on. They are qi, q2, 93) and 
{Qo, P^ , P^ , P^)- Analysing the attractor equations, i.e. the ISD condition, one can show 1 161 1 that this configuration with 8 
fluxes has a purely imaginary solution for the four moduli z\i = 1, 2, 3, 4 of the form 

./ Qo^PWV^' 2 Y QoP^Y^^ 
z = -t\ - „^ n > z =-i[ --fzr-FPnr- (6-48) 



.3 ^ _ ■ f_QoP\iq2\ ^4 ^ _ . f P°9i92g3 ^ 



- sgn(Qo/) = sgn(Figi) = sgn{P^q2) = sgniP'^qs) = +1. (6.50) 

Recall that = r where t = a + ie"*^ is the axion-dilaton. Now a = hence —z'^ gives the stabilized value of the dilaton. 
These results can be rephrased in the language of the state \G) as the distillation of the attractor state 

|G)/.. = ^(a + d) (10000)- 11111)) + ^(a-d) (10011) -11100)) (6.51) 
+ i(6 + c) (10101) - 11010)) + l{b-c) (10110) - 11001)) . 

Here 

a = i{t + z), b — i(t~z), c — i{y — x), d =: i{y + x) (6.52) 

and 

X = sgn{ql)^/P'^ql, y = sgn(g2) V^'^92, z = sgn{q3) ^/P^ , t = -sgn{-Qn)\/-Qop". (6.53) 

This state up to some phase conventions is of the same form as the normal form representative of the generic class of four-qubit 
entangled states 1 120]. This is the only entanglement class with non- vanishing hyperdeterminant, which, in this case, is an order 
24 polynomial built out of the four algebraically independent invariants [45,,64J . The state \G) above is the result of a distillation 
procedure similar in character to the one discussed in the black hole context. 

Note that one half the norm squared of \G) at the attractor point is analogous to the black hole potential in the three-qubit 
case. Depending merely on the fluxes at the attractor point it should be an [SL(2)]®^ four-qubit invariant. For our example this 
quantity is also related to the sum of the a gravitino and chiral fermion mass squares Ill59i A quick calculation shows that 



^"G||2 =2/1= / (6.54) 



2 



where Ii is the quadratic four-qubit invariant |45 1. 

Another interesting quantity to look at is the four-qubit generalization of Cayley's hyperdeterminant. For the definition of this 
[SL(2)]'*^ and permutation invariant polynomial of order 24 we refer to the literature 1451 l46ll . Here we just give its explicit 
form for our example 

= (-OoP'P'P')(/9i9293) n {{-ly t +{-!)'' z + {-iyy + {-iyx). (6.55) 



It is easy to check that D4 > due to our sign conventions of ( 6.50| l. A necessary condition for D4 7^ for this example of 8 



nonvanishing fluxes is the nonvanishing of the 4 independent amplitudes of \G) fix showing up in the 16 terms of the product. 
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The four-qubit hyperdeterminant D4 also plays an important role in the structure of two-center black hole solutions of the STU 
model Il44l . 

Why only tori? Clearly one should be able to remove the rather disturbing restriction to toroidal compactifications by embark- 



ing on the rich field of Calabi-Yau compactifications. Notice in this respect that the decomposition of (6. 11 1-(6.12 1 in the Hodge 
diagonal basis can then be used to reinterpret such formulae as qudits i.e. d-level systems with d = h^^~+ 1. F-theoretical flux 
compactifications for elliptically fibered Calabi-Yau fourfolds can then be associated with entangled systems comprising a qubit 
(a accounting for the axion-dilaton) and a qudit coming from a Calabi-Yau three-fold (CY3). Alternatively, using instead of 
CY3 the combination x K3 we can have tripartite systems consisting of two qubits and a qudit. The idea that separable states 
geometrically should correspond to product manifolds and entangled ones to fibered ones was already discussed in the literature, 
for the simplest cases of two and three qubits. We also emphasize that though our main motivation was to account for the 
occurrence of qubits in these exotic scenarios we have revealed that in the string theoretical context entangled systems of more 
general kind than qubits should rather be considered. In particular for toroidal models we have seen that the natural arena where 
these systems live is the realm of fermionic entanglement II 1561 1 1571 of subsystems with indistinguishable parts. Of course the 
notion "fermionic" entanglement is simply associated with the structure of the cohomology of p-forms related to p-branes. It 
would be interesting to explore further consequences of these ideas in connection with the black-hole/qubit correspondence. 



7. THE FREUDENTHAL TRIPLE SYSTEM CLASSIFICATION OF ENTANGLEMENT CLASSES 

There is a remarkable connection between 4-dimensional supergravity theories and what have come to be known as "groups 
of type St" B7ll38ll4T1l4l[l38l[T39l[T62H T64l. These groups may be characterized by the FTS. In particular, the TV = 8 theory 
is related to the FTS defined over the Jordan algebra of 3 x 3 Hermitian matrices, which has an i?7(7) automorphism symmetry. 
Since the STU model may be embedded in the J\f = 8 theory there should be a corresponding STU Jordan algebra and FTS. 
There is and, as we shall see, it is particularly simple. 

Consequently, we would expect the elegant mathematics of Jordan algebras and Freudenthal triple systems to naturally capture 
the entanglement classification of three qubits. Indeed, the FTS ranks, in a succinct algebraic manner, do indeed yield the correct 
classification. The entanglement classes correspond to FTS ranks 0, 1, 2a, 2b, 2c, 3 and 4, or, for SLOCC* (SLOCC plus 
permutations), simply 0, 1,2, 3, 4. In fact, we would argue that this is perhaps the most natural classification scheme. This 
is not only a matter of aesthetics. The classification of 1 14| based on the local entropies Sa.b.c did not make the SL(2, C)^^ 
symmetry manifest. While the hyperdeteminant is SLOCC-covariant, the local entropies are not; they are natural objects for a 
classification based on local unitaries not SLOCC. This observation is important from the perspective of generalising to n qubits. 
Three qubits is the only non-trivial data point we have for a full SLOCC classification. If we seek to generalise this result, we 
should first formulate it in terms of the objects that will generalise, i.e. SLOCC-covariants. The FTS formulation is manifestly 
SLOCC-covariant since the automorphism group coincides with the SLOCC-equivalence group. 

More speculatively, by studying the FTS classification, one might hope to identify those algebraic features which would 
usefully carry over to an n-qubit generalisation. There is in fact an n-qubit generalization of the FTS, but it is not yet clear how 
it captures the entanglement classification II165I . 



7.1. Three qubit entanglement 

The first SLOCC classification of three qubit entanglement was performed in lfT4l using a subset of the algebraically indepen- 
dent local unitary invariants and the 3-tangle. 

The number of parameters needed to describe unnormaUsed LOCC (local unitary) inequivalent states is given by the dimension 
of the space of orbits M166I . 

X C2 X 

U(l) X SU(2) X SU(2) X SU(2)' ^'^'^^ 
namely 16 — 10 6. This is also equivalent to the number of algebraically independent LU invariants II167I . 
1 . The norm squared: 

l^-p = (^'l^r)^'. (7.2) 



2. The local entropies: 

5A = 4detpA, 5ij=4detpB, S'c = 4detpc, (7.3) 
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TABLE V: The values of the local entropies Sa, Sb, and Sc and the hyperdeterminant Det a are used to partition three-qubit 
states into entanglement classes. 





Representative 






Condition 






* 


Sa 


Sb 




Det a 


Null 





= 


= 


= 


= 


= 


A-B-C 


|000) 




= 


= 


= 


= 


A-BC 


|010) + |001) 


7^0 


= 






= 


B-CA 


100) + 001) 


7^0 




= 




= 


C-AB 


010) + 100) 


7^0 






= 


= 


W 


1100) + |010) + 1001) 


7^0 








= 


GHZ 


|000) + 1111) 


7^0 











where pA, Pb, Pc are the doubly reduced density matrices: 

PA = Trsc|*)(*|, PS =TrcA|^')(*|, 

3. The Kempe invariant M168I : 

K = tT{pA «) PbPab) ~ tr(p^) 
= tr(pB ® PcPBc) - tr(pB) 
= tr(pc fXi PaPca) " tr(p^) 

where pab,Pbc, Pca are the singly reduced density matrices: 

PAS =Trc. I psc^Tr^l^X*!, 

4. The 3 -tangle %5\: 

TABC = 4| Det a^BC I 
where for the explicit expression ll63l 1169)1 see Eq.( |2.3| l. 

Hence, under local unitary operations the most general state may be written as a six real parameter generating solution |75|. 
For subsequent comparison with the STU black hole we restrict our attention to states with real coefficients uabc- In this 
case, one can show that there are five algebraically independent LU invariants ||75]| : Det a, Sa, Sb, Sq and the norm (^'|vl')vl/, 
corresponding to the dimension of 

1R2 X K.2 X K,2 

S0(2) X S0(2) X S0(2)' ^ ' 

namely 8 — 3 = 5. Hence, the most general real three-qubit state can be described by just five parameters [75 J . conveniently 
taken as four real numbers Nq, Ni, N2, iVa and an angle 6: 

\^) = -iVg 0082 6*1001) - A^alOlO) +iV3 sin 61 COS 6*1011) 

- A^illOO) - 7V3 sin 6* cos 6*1 101) + {Nq + 7V3 sin^ 6l)|lll). ^'^''^^ 

7.1.1. Entanglement classification 

Diir et al. lfT4l used simple arguments concerning the conservation of ranks of reduced density matrices to show that there 
are only six types of 3-qubit equivalence classes (or seven if we count the null state); only two of which show genuine tripartite 
entanglement. They are as follows: 

Null: The trivial zero entanglement orbit corresponding to vanishing states. 



pc = TTABmm- (7.4) 

" tr(p|) 

- tT{pl) (7.5) 
-tr(pi), 

PcA = Trs|*)(*|. (7.6) 

(7.7) 



Null : 0. 



(7.10) 
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GHZ 




Tripai'tite 



Entangled 




(a) Onion structure 



(b) Hierarchy 



FIG. 10: (a) Onion-like classification of SLOCC orbits, (b) Stratification. The arrows are non-invertible SLOCC 
transformations between classes that generate the entanglement hierarchy. The partial order defined by the arrows is transitive, 
so we may omit e.g. GHZ A-B-C and A-BC Null arrows for clarity. 



Separable: Another zero entanglement orbit for completely factorisable product states, 

A-B-C : |000). 



(7.11) 



Biseparable: Three classes of bipartite entanglement, 

A-BC 
B-CA 
C-AB 

Note, these three classes are identified under SLOCC*. 



|010) + |001), 
|100) + |001), 
|010) + 1 100). 



(7.12) 



W: Three-way entangled states that do not maximally violate Bell-type inequalities in the same way as the GHZ class. However, 
they are robust in the sense that tracing out a subsystem generically results in a bipartite mixed state that is maximally 
entangled under a number of criteria lfT4l . 



W: |100) + |010) + |001). 



(7.13) 



GHZ: Genuinely tripartite entangled Greenberger-Horne-Zeilinger 017OI states. These maximally violate Bell-type inequali- 
ties but, in contrast to class W, are fragile under the tracing out of a subsystem since the resultant state is completely 
unentangled. 



GHZ: |000) + |111). 



(7.14) 



These classes and their representative states are summarised in Table V They are characterised lfT4l by the vanishing or not of 



the invariants listed in the table. Note that the Kempe invariant is redundant in this SLOCC classification. A visual representation 



of these SLOCC orbits is provided by the onion-like classification L169j of Figure la 



These SLOCC equivalence classes are then stratified by non-invertible SLOCC operations into an entanglement hierarchy 
fr?! as depicted in Figure lb Note that no SLOCC operations (invertible or not) relate the GHZ and W classes; they are 
genuinely distinct classes of tripartite entanglement. However, from either the GHZ class or W class one may use non-invertible 
SLOCC transformations to descend to one of the biseparable or separable classes and hence we have a hierarchical entanglement 
structure. For more on three qubit entanglement see 1641 |67l 1 171141741 . 
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7.2. Cubic Jordan algebras 

A Jordan algebra J is vector space defined over a ground field F equipped with a bilinear product satisfying 

X oY = Y o X, X'^o{XoY)^Xo{X'^oY)^ VX,yea. (7.15) 



The class of cubic Jordan algebras are constructed as follows 11351 . Let be a vector space equipped with a cubic norm, i.e. a 
homogeneous map of degree three, iV : — F s.t. N{\X) = \^N{X), VA € F, X e y, with trilinear linearisation 

N{X, Y, Z) [iV(X + Y + Z)- N{X + Y)- N{X + Z) - N{Y + Z) 
^N{X) + N{Y) + N{Z)]. 

If V further contains a base point N{c) = 1, c G V one may define the following three maps. 



Tr : F F 
S -.V xV ^¥ 
Tt:V xV ^¥ 



X ^ 3N{c, c,X), 

{X,Y)^6N{X,Y,c), (7.17) 
{X, Y) ^ Tr{X) Tr{Y) - S{X, Y). 



A cubic Jordan algebra 5, with multiplicative identity 1 — c, may be derived from any such vector space if N is Jordan 
cubic. That is: (i) the trace bilinear form ( |7.17| i is non-degenerate (ii) the quadratic adjoint map, jl : 3 3, uniquely defined by 
Tr(X«, r) = 3N{X, X, Y), satisfies {X^f^ N{X)X, \fX € J. The Jordan product is then given by 

X oY ^ ^{X X Y + Tt{X)Y + Tr{Y)X - S{X,Y)t), (7.18) 
where, X xY is the Hnearisation of the quadratic adjoint, X x Y = {X + F)' — X'^ — YK 

7.3. The Freudenthal triple system 

Given a cubic Jordan algebra Z defined over a field F, one is able to construct an FTS by defining the vector space ^{Z), 

= F® F©a®a. (7.19) 
An arbitrary element x G d{Z) may be written as a "2 x 2 matrix", 

x= (j^ ^) ^^^^^ a, /? e F and A, B € Z- (7.20) 

The FTS comes equipped with a non-degenerate bilinear antisymmetric quadratic form, a quartic form and a trilinear triple 
product OH [36l [Ml ESI \lM ■ 

1. Quadratic form {x, y}: ^ x ^ ^ F 

{x, y}^aS~p-f + Tr(A, D) - Ti{B, C), (7.21a) 

where 

a A\ _ f ^ C 



^=[b y=[D s)- ™) 

2. Quartic form q : ^ ^ F 

q{x) ^ ~2[af3 - Tr{A, B)]^ - 8[aiV(A) + I3N{B) - Tr(yl«, (7.21c) 

3. Triple product T: ^x'^x'^—^^ which is uniquely defined by 

{T{x,y,w),z} ^ q{x,y,w,z) (7.21d) 
where q{x, y, w, z) is the full linearisation of q{x) such that q{x, x, x, x) = q{x). 
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The automorphism group is given by the set of invertible F-Unear transformations preserving the quadratic and quartic forms 

lEllMl, 

Aut(g') = {cr e lso¥{'S)\q{crx) = q{x),{ax,cjy) = {x, y}, Vx,y G (7.22) 

The automorphism group corresponds to the U-duaHty group of a variety 4-dimensional supergravities (see for example 11341 
11771 and the references therein). The conventional concept of matrix rank may be generalised to Freudenthal triple systems in a 
natural and Aut(5^) invariant manner The rank of an arbitrary element a; e 5^ is uniquely defined by ll36lll76l : 

Ranka; = 1 iT{x^ x, y) + x{x, y}x — Vy; 

Ranka; = 2 3y s.t. 'iT{x, x, y) + x{x, y\x ^ 0, T{x, x, x) = 0; 

Ranka; = 3 ^ T{x, x, x) ^ 0, q{x) = 0; ^'^''^^^ 
Rankx = 4^ q{x) ^ 0. 



7.4. The 3-qubit Freudenthal triple system 

Definition 1 {STU cubic Jordan algebra) We define the STU cubic Jordan algebra, denoted Zstu> os the real vector space 
R © R ® R with elements, 

A= (^1,^2,^3), (7.24) 

and cubic norm, 

N^iA) = ^lAaAa. (7.25) 
Using the cubic Jordan algebra construction ( |7.17| l, one finds 

Tr(A,B) = AiSi+A2B2 + A3S3, (7.26) 
Then, using Tr(A', B) = 'iN{A^ A, B), the quadratic adjoint is given by 

A« = (A2A3,AiA3,AiA2), (7.27) 

and therefore 

(^«)« = (Ai ^2^3^!, Ai^2A3A2, A2A3^3) 

^N{A)A. ^^-^^^ 

It is not hard to check Tr(A, B) is non-degenerate and so iV3 is Jordan cubic. Hence, we have a bona fide cubic Jordan algebra 
ZsTU = R © R © R with product given by 

AoB = iAiBi,A2B2,A-:iB3). (7.29) 

The structure and reduced structure groups are given by [S0(2, R)]"^ and [S0(2, R)]^ respectively. 
The 3-qubit cubic Jordan algebra is defined by simply promoting R to C, 

Definition 2 (3-qubit cubic Jordan algebra) We define the 3-qubit cubic Jordan algebra, denoted as Zabc ( or more generally 
as Jsc), as the complex vector space C © C © C with elements: 

A= (^1,^2,^3), (7.30) 

and cubic norm, 

7V3(A) = AiA2A^. (7.31) 

Definition 3 (3-qubit Freudenthal triple system) We define the 3-qubit Freudenthal triple system, denoted ^abc, '^s the com- 
plex vector space, 

"^ABC ■=^®'^®Zabc®Zabc. (7.32) 

with elements 



a A =(^1,^2,^3) 

B^{Bi,B2,B3) P 



(7.33) 
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We identify the eight complex components of 'Sabc with the three qubit wavefunction \ip) = aABcl^BC), 

a {Ax, A2, Az)\ ^ f am (oooi, oqio, aioo)\ (7 34) 

(-61,-62,53) P J \(aii07 Oioij ooii) oooo / 

so that 

\^) = aABc\ABC) O ^■.= (, (aooi,aoio,aioo)y (735^ 

Using ( |7.21c| l one finds that the quartic norm A(^') is related to Cayley's hyperdeterminant by 

= 2 det 7^ = 2 det 7^ = 2 det 7*^ (7.36) 

= -2 Det aABC, 

The triple product maps a state 5*, which transforms as a (2, 2, 2) of [SL(2, C)]'^, to another state r(^, 'J, 5'), cubic in the state 
vector coefficients, also transforming as a (2, 2, 2). Explicitly, T(5', ^I*) may be written as 

T(*, = TabcI^BC) (7.37) 

where Tabc takes one of three equivalent forms 

TAsBiCi ^ f^^''^^aAiBiCiil^)A2A3 

TaiBsCi = <^^^^'^aAiBiCiil^)B2B3 (7.38) 

TaiBiCs = e'^''^''aAiSiCi(7*^)c2C3- 



The 7's are related to the local entropies of [section 7 7.1| by 



S 



A 



tr7^^7^ +tr7'^1'7*^ 



and their cyclic permutations. This permits us to link T to the norm, local entropies and the Kempe invariant of section 7 7.1 



{T\T)T ^liK- + ^^\^P\^{Sa + Sb + Sc). (7.40) 
Having couched the 3-qubit system within the FTS framework we may assign an abstract FTS rank ( |7.23| l to an arbitrary state 

Rank^ = 1 ^ T(*, $) = 0, * 7^ 0; 
Rank* = 2^ T{^) ^ 0, T{^, $) 7^ 0: 

(7.41) 

Rank* 3 A(*) = 0, r(*) ^ 0; 
Rank* = 4 ^ A(*) ^ 0. 

Strictly speaking, the automorphism group Aut{'SABc) is not simply SL(2, C) x SL(2, C) x SL(2, C) but includes a semi- 
direct product with the interchange triality A ^ B ^ C. The rank conditions are invariant under this triality. Hence the ranks 
naturally provide an SLOCC* classification. However, as we shall demonstrate, the set of rank 2 states may be subdivided into 
three distinct classes which are inter-related by this triality. In the next section we show that these rank conditions give the 



correct entanglement classification of three qubits as in Table VI 



7.4.1. The FTS rank entanglement classes 

a. Rank 1 and the class of separable states A non-zero state * is rank 1 if and only if 

T(*,*,$) :=3T(*, *,$) + {*,$}* = 0, V$. (7.42) 
The weaker condition r(*, *, *) = implies that there is at most one non-vanishing 7 since, 

(7^)a,a.(7'')ciC. = e^-''-e^-^-aA,B,z,aA2B2Z2{l'')c^C2 

— e a^iSiCi + aA2-B2CiJAiSiC2i 
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„, _ . FTS rank condition 



vanishing non-vanishing 



Null * _ 

A-B-C 1 3r(*,*,$) + {*,<!'}* * 

A-BC 2a r(*,*,v[') 7-* 

B-CA 2b r(*,*,*) 7^ 

C-AB 2c r(*,*,*) 7*^ 

W 3 A(*) T(4',5',*) 

GHZ 4 - A(*) 

TABLE VI: The entanglement classification of three qubits as according to the FTS rank system, 
and similarly for (7^)biS2 (7'^)aiA2 and (7*^)0102 (7^) SiSa- In component form T is given by, 



A2A3 

+ e^^^^6A,B3C,(7'')B,B2 (7.44) 
+ e^^^^^>AiBiC3(7'')ciC2 

\(,Oll0, Oioi, Ooii j Oqoo / 

Hence, ( |7.42[ ) implies all three gammas must vanish. Using ( |7.39| l it is then clear that all three local entropies vanish. 

Conversely, Sa = Sb — Sq = implies that each of the three 7's vanish and the rank 1 condition is satisfied. Hence FTS 



where 



rank 1 is equivalent to the class of separable states as in Table VI 



b. Rank 2 and the class of biseparable states A nonzero state is rank 2 or less if and only if T(5', VP, ^!) = 0, which 
implies there is at most one non-vanishing 7. To be rank > 1 there must exist some $ such that 3T(^', , $) + j^*, ^ 0, 
which implies there is at least one non-vanishing 7. Hence, rank 2 states have precisely one nonzero 7. 

Using ( |739l l it is clear that the choices 7-^ 7^ or 7^ 7^ or 7*^ 7^ give Sa = 0, Sb.c 7^ or = 0, Sc,a ^ 
or Sc = 0, Sa.b, 7^ 0, respectively. These are precisely the conditions for the biseparable class A-BC or B-CA or C-AB 



presented in Table V| 

Conversely, using ( |7.39| l and the fact that the local entropies and tr(7^^7) are positive semidefinite, we find that all states in 
the biseparable class are rank 2, the particular subdivision being given by the corresponding non-zero 7. Hence FTS rank 2 is 
equivalent to the class of biseparable states as in [Table Vll 

c. Rank 3 and the class of W-states A non-zero state * is rank 3 if A(vl') = -2 Det a = but T(*, v]/, vj/) ^ 0. From 
( |7.38| l all three 7's are then non-zero but from ( |7.36[ ) all have vanishing determinant. In this case ( |7.39[ ) implies that all three 
local entropies are non-zero but Det a = 0. So all rank 3 ^' belong to the W-class. 

Conversely, from ( |7.39| l it is clear that no two 7's may simultaneously vanish when all three 5's > 0. We saw in |sec- 



tion7 7.47.4.1 a that r(^', ^P, = impHed at least two of the 7's vanish. Consequently, for all W-states T(vl/, vp, vl/) 7^ and. 



therefore, all W-states are rank 3. Hence FTS rank 3 is equivalent to the class of W-states as in Table VI[ 



d. Rank 4 and the class of GHZ-states The rank 4 condition is given by A(^) 7^ and, since for the 3-qubit FTS A(^) — 
—2 Dot a, we immediately see that the set of rank 4 states is equivalent to the GHZ class of genuine tripartite entanglement as in 
ITable VII 

Note, Aut{^ ABc) acts transitively only on rank 4 states with the same value of A(^') as in the standard treatment. The GHZ 
class really corresponds to a 1 -dimensional space of orbits parametrised by A. 

In summary, we have demonstrated that each rank corresponds to one of the entanglement classes described in|section 7 7.1| 



7.4.2. SLOCC orbits 



We now turn our attention to the coset parametrisation of the entanglement classes. The coset space of each orbit (i = 
1,2,3,4) is given by G/Hi where G = [SL(2,C)]3 is the SLOCC group and H, C [SL(2,C)]^ is the stability subgroup 
leaving the representative state of the zth orbit invariant. We proceed by considering the infinitesimal action of Aut(5^) on the 
representative states of each class. The subalgebra annihilating the representative state gives, upon exponentiation, the stability 
group H. Note, 'Qzx{Zabc) is empty due to the associativity of ^abc- Consequently, &ix:{ZABc) — L^G ® &ix^o{ZABc) 
has complex dimension 3, while &i'CQ{ZABc) is now simply Ly and has complex dimension 2. Recall, &i'c{ZABc) and 
6teo(3Asc) generate [S0(2, C)]'^ and [S0(2, C)]^, respectively the structure and reduced structure groups of Jc. 
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Class 



Orbits 



dim 



Projective orbits 



dim 



Separable 
Biseparable 
W 
GHZ 



[SL(2,C)1-^ 



[SO(2,C)]2 IX C3 
[SL(2,C)]^ 
0(3,C) X C 
[SL(2,C)1^ 

[SL(2,C)]^ 
[SO(2,C)]2 



[SL(2,C)]^ 
[SO(2,C) IX C]3 
[SL(2,C)13 

0(3, C) X (S0(2,C) K C) 
[SL(2,C)]^ 
SO(2,C) K C2 
[SL(2,C)]^ 
[SO(2,C)]2 



TABLE VII: Coset spaces of the orbits of the 3-qubit state space (g) (g) under the action of the SLOCC group 

[SL(2,C)]3. 



Class 


FTS Rank 


A(*) 


Orbits 


dim 


Separable 


1 


= 


[SL(2,R)]^ 

[S0(l,l)]2 IX E,3 


4 


Biseparable 


2 


= 


[SL(2,R)]3 
0(2,1) X R 


5 


W 


3 


= 


[SL(2,R)]^ 


7 










GHZ 


4 


< 


[SL(2,E)]3 


7 




[SO(l,l)]2 




GHZ 


4 


> 


[SL(2,]R)]3 


7 






[U(l)]2 




GHZ 


4 


> 


[SL(2,R)]3 


7 






fU(l)12 





TABLE VIII: Coset spaces of the orbits of the real case ^Jsr = R ® R R under [SL(2, R)]^. 



The results are summarised in Table VII 
point in 



To be clear, in the preceding analysis we have regarded the three-qubit state as a 



C C , the philosophy adopted in, for example, |166, 167, 178|. We could have equally well considered the 
projective Hilbert space regarding states as rays in (g) C^, that is, identifying states related by a global complex scalar 
factor, as was done in 1671 1 1 691 1 1 791 . The coset spaces obtained in this case are also presented in Table VII the dimensions of 
which agree with the results of ll64l I169L Note that the three-qubit separable projective coset is just a direct product of three 
individual qubit cosets SL(2, C)/ S0(2, C) k C. Furthermore, the biseparable projective coset is just the direct product of the 
two entangled qubits coset [SL(2, C)]^/ 0(3, C) and an individual qubit coset. 

As noted in If3l ll80l . the case of real qubits or "rebits" is qualitatively different from the complex case. An interesting ob- 
servation is that on restricting to real states the GHZ class actually has two distinct orbits, characterised by the sign of A(5'). 
This difference shows up in the cosets in the different possible real forms of [S0(2, C)]^. For positive A{'$) there are two dis- 
connected orbits, both with [SL(2, R)]3/[U(1)]2 cosets, while for negative A(l') there is one orbit [SL(2, R)]3/[S0(1, 1, R)]^. 
In which of the two positive A(5') orbits a given state lies is determined by the sign of the eigenvalues of the three 7's, as 
shown in Table Vlil] This phenomenon also has its counterpart in the black-hole context 128. .59. .89. 134, 141 , 181 1, where the 
two disconnected A ('5) > orbits are given by 1/2-BPS black holes and non-BPS black holes with vanishing central charge 
respectively |134J. 



7.5. Fermionic entanglement classification from the Freudenthal triple system 

The 3-qubit Freudenthal triple system can be generalised to classify the entanglement of several other multipartite systems 
simply by considering different Jordan algebras. In particular, the FTS naturally captures the structure of entanglement for 
various multipartite systems of both distinguishable and indistinguishable constituents EOl I182II . While there is a significant 
body of literature on the entanglement classification of distinguishable multipartite systems, much less is known for indistin- 
guishable constituents. For bipartite fermionic and bosonic systems a number of useful results exist lil83nl88J . For example, a 
two-fermion systems with 2k single-particle states admits a Schmidt-like decomposition M187III881 . 

To differentiate the various possible distinguishable and indistinguishable (bosonic/fermionic) systems we will denote the 
basis vectors for a /c-level distinguishable, indistinguishable-bosonic and indistinguishable-fermionic system by, e^, bi and fi, 
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Soace ?< Ch ) 


iT. LiL y^l^ J 


Class 


Representatives 






GHZ 


-Uf fi A f? A A + f4 A A A h) 




SL(6,C) 


Biseparable 
Separable 


^(/4 Af2Af3 + flAhAf3+flAf2A h) 

75(/i A/2A/3 + /1 A/5A/6) 

/l A /2 A /3 






GHZ 


-^(en 8) (fo A fi) + ei ® (f2 A fx)) 




SL(2,C) X SL(4,C) 


W 

Biseparable (a) 
Biseparable (b) 
Separable 


^(en (8) ( f2 A fs) + ei ® (fo A fs) + ei ® ( f2 A fi)) 
^en « f fn A fi + f2 A fs) 
;75(eo®(/oA/i) + ei® (/0A/3)) 
eo® (/o A/i) 






GHZ 


^(eo ® eo ® eo + ei ® ei ® ei) 






W 


^(ei (8) eo ® eo + eo ® ei (g) eo + eo (8> eo (8> ei) 






Biseparable (a) 
Biseparable (b) 
Biseparable (c) 
Separable 


^ fen <8) (en ® en + ei (8) ei )) 
^(eo (8 eo (8 eo + ei (g) eo ® ci) 
^((eo ® eo + ei ® ei) ® eo) 

6?) 6?) 
^cV c-y ycy c-y 






GHZ 


^(eo ® (foo ® &o) + Ci ® (61 O fei)) 


C2®Sym2(C2) 


SL(2,C) X SL(2,C) 


W 

Biseparable (a) 
Separable 


^(ei ® {bo ® 60) + eo ® (61 ® 60 + &o ® 61)) 
4j(eo®(&o®&o + bi®&i)) 
eo (8) (60 ® &o) 






GHZ 


^(60 » 60 ® 60 + 61 ® &i ® 61) 

^(fei ® &o ® feo + feo ® fei » 60 + feo ® &o ® 61) 

bo ® &o ® &o 


Sym«(C2) 


SL(2,C) 


W 
Separable 



TABLE IX: Representatives of SLOCC orbits of quantum mechanical systems classified via Freudenthal's construction 1182]. 



where i — 1, . . . , fc, respectively. The n-partite basis vectors are then given by, 

ei^(S)ei^(E)---(E)e,^, (g) 5,, (g) • • • ® /^^ A ^ A • • • A /,„ . (7.46) 



The two simplest examples we consider are essentially degenerations of the 3-qubit system S^(53c)' given by replacing ^sc 
with O2C — C C and 3c — C. The cubic norms of Z2C ™d are given by setting A2 = and Ai ^ A2 = A3, respectively, 

TVo,, (A) - A,Al, A^33,, (A) = Al (7.47) 

Since jlc C ji2C C Zsc, clearly S^(5c) C d{^2c) C ^^(Jac)- As vector spaces S{Zc) and S^(;j2c) ai-e given by Sym^(C^) and 
® Sym^(C^), respectively. The former is the Hilbert space of three indistinguishable bosonic quibits, while the later corre- 
sponds to the Hilbert space of a single distinguishable qubit and two indistinguishable bosonic quibits. Using the identification 
between e S^((?3c) and qabcIABC) given in ( |7.35| l, elements in ^{^2c) and 5^(3c) can be written in terms of the appropriate 
symmetrizations, i.e. a^f^c) and a^j^^Bc)^ respectively. The antisymmetric bilinear form, quartic norm and triple product are 
then simply given by symmetrizing those of ^^(Jsc)- See II139II1821 for details. 

The automorphism (SLOCC) groups are given by SL(2, C)^! x SL(2, C)(bc) and SL{2,C)(^abc)^ under which a^(BC) 
and ai^ABC) transform as a (2, 3) and a 4, respectively. Just as in the conventional 3-qubit case, the orbit ("entanglement") 
classification is given by the FTS ranks defined in ( |7.23| l. The classes/orbits and their representative states are given in Table IX 



III82L These essentially have the same structure as the 3-qubit case. One subtlety is that the biseparable class is absent for 
5(3c)- This is a consequence of (A) = => A = 0. The corresponding orbit classification over the reals is given in 
II139L The real case underlies the structure of the ST^ and models of J\f ^ 2 supergravity coupled to two and one vector 
multiplets respectively. The analysis of the single-centre extremal black hole solutions in these models, via the orbits, is given 
in ll28l fT03lfn4lfT34lfT38l[T89]| . 

These bosonic systems were embedded in the 3-qubit FTS. Going the other way, i.e. embedding the 3-qubit system in 
larger FTSs, we can accommodate a 3-fermion system. As pointed out in |20| the first non-trivial 3-fermion system has 6- 
level constituents, since the the 5-level and 4-leveI cases may be mapped to 2- and l-fermion systems, respectively, using 
^3 ^ /y2 ^5 ^3 ^4 yyi (p4 system of three 6-level fermions has Hilbert space C^. 

Let {/i, /2, /s, /i = /4, /s = fs, h = /e} be an oithonormal basis of C®, and let a; A y A z denote the normalized wedge 
product of the vectors x, y,z £ C^: 

X Ay A z — {x®y®z-\-y®z®x-\-z®x®y — x®z®y — z®y®x — y®x®z) (7.48) 
v6 
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Then a generic (unnormalised) 3-fermion state may be written as 

\P) = J2 P->^-f- ^fbA fc- 



(7.49) 



l<a<b<c<3 



The state space coincides with the FTS defined over the Jordan algebra i?3(Cc) of 3 x 3 Hermitian matrices over the com- 
plexified split-complexes Il36lll90l . or, more simply, the Jordan algebra M3(C) of 3 x 3 complex matrices 



^3- 



fermion 



C©C©M3(C)©M3(C). 



(7.50) 



The cubic norm on M3(C) is simply given by the determinant and the remaining Jordan/FTS structures then follow from the 
definitions given in |section 7 7.2| and |section 7 7.3 



Exphcitly, for x = (a, /3, A, B) e S's-fermion we have 



a = Pi23 13 = P-m A = 



Pl23 Pl3l -Pi 12 



-P23I P2 



-^323 -P33I -P312 



B = 



Pi23 Pi3i Pii2 
P223 P231 P212 
P323 P331 P312 



(7.51) 



Note, the conventional 3-qubit system is given by the sub Jordan algebra of diagonal matrices in AI^{IC), in which case the 
quartic norm reduces to Cayley's hyperdeterminant |20|. 

The automorphism group is given by SL(6, C), which partitions the state space into four orbits given precisely by the ranks, as 
in the 3-qubit case. Of course, the GHZ class is actually a 1 -dimensional space of orbits parametrised by the quartic norm, which 
collapses to a single orbit under GL(6, C). The representative states are given Table IX Finally, there is an intermediate FTS 



sitting between and S'3-fermion, given by the Jordan algebra C ® M2(C), with cubic norm adet(A) for a S C, A G M2(C), 
which describes a single distinguishable qubit with two 4-level fermions [182|. The entanglement classes are given in [Table IX| 
and further details may be found in IJ82J . 



8. CONCLUSIONS 



Our purpose in this review has been to highlight the numerous (and still growing) useful ways in which black holes in string 
theory can inform qubit entanglement in QIT and vice-versa, whether or not there is physical connection between the two. 
These include not only the originally discovered relations between the U-duality invariant entropies of the black holes and 
the corresponding entanglement measures in QIT, and the more recent work on the attractor mechanism and concurrence and 
classifying four qubit entanglement and Freudenthal triple systems, but also less familiar results on the relation to Hamming 
codes, geometric hyperplanes and Mermin Squares. All this suggests that there is till much more to be uncovered. 
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